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iR�ESUM�ECette th�ese onsiste en trois essais traitant de probl�emes environnementaux �al'�ehelle internationale. La m�ethodologie utilis�ee onsiste prinipalement en l'appliationde la th�eorie des jeux oop�eratifs, des jeux dynamiques et du ontrôle optimal.Le premier essai traite de l'un des prinipaux probl�emes environnementaux �al'�ehelle mondiale, �a savoir la destrution des forêts tropiales. Pour analyser etr�esoudre e probleme nous onsid�erons deux joueurs ayant des utilit�es di��erentes pourla onservation des forêts qui est onsid�er�e omme une soure de revenu pour l'unet un moyen de prot�eger l'environmment pour l'autre. Le premier joueur (le Nord)repr�esente un ensemble de pays d�evelopp�es ayant pour objetif la maximisation de lataille de la forêt �a la �n d'une horizon temporelle �x�ee. Le deuxi�eme joueur (le Sud)essai de maximiser ses revenus traduisant un arbitrage entre l'exploitation de la forêtet les revenus tir�es des ativit�es agrioles. Notre objetif onsiste �a �etudier la possi-bilit�e d'une oop�eration entre les pays du Sud et les pays du Nord, o�u les pays du Nordo�rent un transfert pour ompenser la perte de revenus que les pays forestiers (du Sud)peuvent enourir suite �a une r�edution du taux de d�eforestation. Pour e faire nousavons �etudi�e deux s�enarios. Dans le premier, on suppose une politique de laisser-faire, o�u le Sud r�esout un probl�eme de ontrôle optimal sur horizon �ni sans auuneintervention (ou transfert) de la part du Nord. Le revenu et l'exploitation optimale deforêt obtenus repr�esentent un rep�ere pour le seond s�enario, dans lequel le Nord o�redes subventions au Sud pour l'enourager �a r�eduire son taux de d�eforestation. Lesdeux s�enarios sont alors analys�es et ompar�es en termes de strat�egies, de r�esultats etde onservation de la forêt. Les r�esultats montrent que l'am�elioration du bien-être duSud n'est pas toujours assur�ee ave l'introdution de la possibilit�e de transferts. Demême, le stok de forêt n'est pas toujours plus grand dans le as o�u le Nord fait fae�a une ontrainte budg�etaire serr�ee. Par ons�equent l'appliabilit�e de e m�eanisme



iide transfert n'est pas toujours garantie omme le pr�edisent les �etudes ant�erieures.Le deuxi�eme essai porte lui aussi sur le probl�eme de d�eforestation dans les paysen voie de d�eveloppement. Il vise �a �elaborer des strat�egies initatives qui pourraientêtre employ�ees par les pays du Nord a�n d'amener les pays forestiers (pays du Sud) �ahoisir une politique de d�eforestation qui soit soutenable dans le long terme (durable)même s'ils maximisent leur pro�t sur un horizon �ni. Le m�eanisme d'initation on-siste �a o�rir des transferts qui d�ependent diretement de la strat�egie de d�eforestationd�eploy�ee dans les pays du Sud. Ces strat�egies sont alul�ees de mani�ere intrins�equepour que la solution optimale au probl�eme de maximisation du bien-être du Sudo��nide ave la politique de d�eforestation d�esir�ee.Finalement le troisi�eme artile traite d'un autre aspet des probl�emes environ-nementaux se posant �a l'�ehelle internationale, �a savoir probl�eme de Free-riding (ouresquillage) et la stabilit�e des oalitions dans le ontexte de l'�elaboration d'un aordenvironnemental international visant le ontrôle de la pollution (�a travers la r�edutiondes �emissions des gaz �a e�et de serre). Notre objetif prinipal onsiste �a �etudierla question de r�eoniliation entre deux approhes di��erentes qui ont �etudi�e ettequestion.Dans la litt�erature existante, la pratique la plus ourante onsiste �a onsid�ererle nombre de pays partiipants dans l'aord omme une donn�ee exog�ene : elle partdu prinipe que tous les pays forment une grande oalition et alule le gain total�emanant de ette oop�eration. Ce dernier repr�esente la di��erene entre le oût totalde la r�edution des �emissions des gaz �a e�et de serre en as de oop�eration globale eten as de non-oop�eration entre les di��erents pays. Ce gain est ensuite r�eparti entretous les signataires de l'aord, et la diÆult�e prinipale onsiste alors �a trouver lam�ethode de partage qui garantisse la stabilit�e de et aord au sens du `Noyau'. Ainsi,la solution de partage doit garantir �a haque joueur une am�elioration par rapport au



iiias o�u il jouerait seul ou ferait partie d'une sous-oalition de taille inf�erieure �a lagrande oalition initiale, et e dans le but d'�eviter qu'un ou plusieurs pays d�evient del'aord.Dans d'autres travaux, par ontre, les herheurs ont onsid�er�e le nombre de paysomme une variable endog�ene, tenant ainsi ompte de la possibilit�e de formation depetites oalitions. Pour être "stables", es oalitions doivent alors satisfaire des on-ditions de stabilit�e interne et de stabilit�e externe telles que d�e�nies originellement pard'Asprement et Gabzewiz (1986) pour �etudier les probl�emes de artel en organisa-tion industrielle. Par la stabilit�e interne, on entend qu'auun pays de la oalitionform�ee n'a int�erêt �a la quitter; 'est le test de sortie. La stabilit�e externe quand �aelle signi�e qu'auun des pays qui sont �a l'ext�erieur de ette oalition n'a int�erêt �a larejoindre; 'est le test d'entr�ee. Selon ette approhe, le nombre de pays qui peuventformer une oalition stable, et par ons�equent signer un aord international, est tr�eslimit�e, même en introduisant des transferts mon�etaires lat�eraux.La omparaison entre es deux approhes a �et�e faite par Tulkens (1998), qui alaiss�e transparâ�tre un espoir de r�eoniliation en utilisant la fontion arat�eristique.Notre but dans et essai est d'�etudier les propri�et�es devant être satisfaites par unetelle fontion arat�eristique et de v�eri�er son existene en utilisant la m�ethodologiedes jeux oop�eratifs. Nous avons don �etudi�e le probl�eme en utilisant les di��erentspoint de vue onernant le onept de stabilit�e, en analysant trois d�e�nitions possiblesde la fontion arat�eristique, �a savoir l'�equilibre de Nash, l'�equilibre de Nash partielet la solution de von Newman Morgenstern. La onfrontation des r�esultats que nousavons obtenus dans les deux s�enarios indique qu'il est impossible de ontourner leprobl�eme de resquillage pour avoir une grande oalition stable, même si les joueursadoptent des strat�egies non-oop�eratives. R�eonilier les deux approhes reste alorsimpossible, ontrairement �a la onjeture de Tulkens (1998).



ivMots l�es: aords internationaux sur l'environnement,d�eforestation tropiale,exploitation durable, fontion arat�eristique, jeux di�erential, jeux ooperatif, trans-ferts mon�etaires, m�eanisme initatif, free-riding.



v
SUMMARY
This dissertation onsists of three essays that deal with important global environ-mental problems, using a game theoretial framework.The �rst essay deals with tropial deforestation as a global environmental issueand studies the possibility of an agreement between developing ountries (or theSouth) and developed ountries (or the North) to redue the deforestation rate usinga subsidy program. For this purpose, we study two senarios: the �rst one is alaisser-faire poliy, where the South solves an optimal ontrol problem over a �nitehorizon; and the seond is a Stakelberg game, where the North o�ers subsidies tothe South in order to redue the deforestation rate. The two senarios are thenanalyzed and ompared in terms of strategies, outomes and forest onservation. Inontrast to previous studies, our �nal results show that the subsidy program annotbe unonditionally implemented, in the sense that some onditions have to be satis�edto guarantee the South's partiipation and in some ases the North's impliation inthis program.The seond essay is also onerned with tropial deforestation in developing oun-tries. The objetive of this essay is to determine inentive strategies for the South,onditioning the North's transfers diretly on the South's ations regarding forestexploitation. These strategies an be used by the North to indiretly fore the Southto hoose an optimal deforestation poliy whih is sustainable in the long run.Finally, in the last essay, we investigate the possibility of reoniling two di�erentapproahes regarding the design of an International Environmental Agreement. We



vi�rst study the problem from the ooperative games perspetive, on whih the �rstapproah is based, by analyzing three de�nitions of the harateristi funtion. Then,we address the issue of free-riding and stability of oalitions as de�ned by the seondapproah. Our results show that it is not feasible to reonile the two approahes,whih di�ers from Tulkens's 1998 onjeture.Key words: Charateristi Funtion, Free-riding, Transfers, Inentive Meha-nism, International Environmental Agreements, di�erential games, ooperfative gametheory, Tropial Deforestation, Sustainability.
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1
INTRODUCTIONThis dissertation onsists of three essays that deal with important global environ-mental problems, using a game theoreti framework. All three essays onstrut gametheoreti models. Depending on the ontext of the problem we refer to ooperative ornon-ooperative game theory and also onsider stati or dynami games, in partiulardi�erential games.The �rst and seond hapters address the global environmental issue of defor-estation in developing ountries as a North-South game, using di�erential games andoptimal ontrol theory as methodologial framework. The last essay fouses onoalition formation and stability of International Environmental Agreements (IEA),studied from ooperative and non-ooperative game theory perspetives in a statiframework.Forest destrution in Southern ountries is alarming in light of its adverse on-sequenes for biodiversity and limate hange. However, for the forestry ountries,forest exploitation represents a neessary soure of revenue (timber prodution andagriultural use of the onverted land). Hene, an external ation is needed fromdeveloped ountries, or the international ommunity, to redue forest destrution.Indeed, besides the redution of greenhouse gases emission, forest preservation and re-generation presents one of the major instruments proposed to ounter global warmingthrough arbon dioxide sequestration. An eventual ooperation between the Northand the South is required and was enouraged by the United Nations Framework Con-vention on Climate Change (UNFCCC) and the Kyoto Protool. The North-Southinteration to redue deforestation is advoated in the literature through two main



2poliies: The �rst is trade measures to enourage sustainable timber prodution; andthe seond is transfer payment used as a revenue ompensation from the North tothe South to enourage them to redue forest exploitation. In this thesis, we fouson the seond solution.The �rst essay presents a subsidy program that an be employed by the North toredue the deforestation pae in developing ountries. The motivation of this essay isto determine the onditions under whih a potential agreement an be signed betweenthe North and the South to redue forest destrution.The methodology used in this essay is based on game theoreti models and usesoptimal ontrol tehniques. The problem is addressed as a Stakelberg game, wherethe developed ountries (or the North) at as a leader and propose a subsidy rate,and developing ountries (or the South) play as a follower hoosing the optimal defor-estation rate.1Regarding the information struture, we retain the tratable open-loopstrategies rather than its oneptually appealing losed-loop ounterpart. This hoieis justi�ed beause we onsider a short horizon for the aid program. Furthermore,knowing that the South will work out its deforestation poliy aording to the subsidyrate announed by the North, the latter would not jeopardize its future redibilityby retrating at an intermediate date from what it announed at the initial instantof the game. On the other hand, in order to examine the possibility of implementa-tion of the oordinated e�ort solution, we ompare it with a benhmark senario: alaisser-faire solution, where the South maximizes its welfare in absene of the North'sintervention, omputed using an optimal ontrol formulation.In this essay we onsider that the total amount of transfers that an ow from theNorthern ommunity to the Southern ountries is limited, as the North faes a budget1Throughout this text the developed ountries will be known as the North and the developingountries as the South.



3onstraint, whih is new in the �eld as in the previous related literature. We alsodi�er from previous literature by using a �nite horizon setting rather than an in�nitehorizon one. Our aim is to design a subsidy program that an be implemented andpro�table in the short term, given the assumed irreversibility of deforestation andthe immediay of the problem. Contrary to the previous literature, our results showthat transfers do not neessarily improve the welfare of the forestry ountries. Wealso show that the forest annot be always improved when the North is subjet to abinding budget onstraint.The seond essay presents inentive mehanism settings to enfore sustainableforest management in the South. The objetive of this essay is to determine inentivestrategies onditioning the funds' transfers diretly by the South's ations regardingforest exploitation. These strategies an be used by the North to indiretly ompelthe South to hoose an optimal deforestation poliy whih is sustainable in the longrun.For this purpose, we de�ne a transfer funtion that guarantees the partiipationof the reipient ountry by ompensating it for the total loss due to a better forestonservation. Indeed, this transfer designs an inentive mehanism ensuring thatthe forestry ountry will respet its engagement regarding a sustainable forest ex-ploitation. To our knowledge this kind of inentive mehanism has never been usedpreviously in sustainable forest management literature. To our knowledge, to date,this kind of inentive mehanism has never been used in the sustainable forest man-agement literature. It is, however, a well known instrument in game theory, of whihthe appliation to environmental games and resoure management is far from new.Finally, the last essay deals with the stability of oalitions in games of pollutionontrol. It studies the design of an international environmental agreement, whih is amehanism alloating to eah ountry a suitable emissions poliy supported possibly



4by a monetary transfer. This has been addressed in the literature following two linesof thought, that is ooperative or non-ooperative game theory approahes ending upwith di�erent results regarding the size of a possible stable oalition. The hallengeis to �nd a possible reoniliation of the two approahes. In other words, we arelooking for a payment funtion whih ensures the formation and stability of a largeoalition, even if we onsider that di�erent ountries are playing non-ooperativelyand are ating only for their own interest.This disussion aptures what has been observed regarding the evolution of theKyoto Protool sine it has been signed by many of the world's nations in Japanin 1997, later on rejeted by United States in 2001, and more reently deferred byRussia. Our results show indeed that it is diÆult to deter free riding and that nolarge oalition an emerge if ountries deide to play non-ooperatively.



5.

ESSAY 1Slowing Deforestation Pae throughSubsidies : A Di�erential Game



61. IntrodutionThe adverse onsequenes of tropial deforestation in the South on biodiversity on-servation and limate hange have made rainforest destrution one of the main en-vironmental issues of international onern. Sientists have deployed onsiderablee�orts during the last two deades in modeling the problem and assessing its impor-tane, its auses and onsequenes with the aim of advaning some solutions thatnational and transnational agenies ould implement to slow deforestation.This essay is onerned with the design of an aid program by the North to help theSouth in keeping the tropial forests. The methodologial framework is of two-playerdi�erential games with the rih ountries ating as leader in a Stakelberg game.The major ause of tropial deforestation seems to be the onversion of forestedland to agriultural use (e.g., Amelung and Diehl, 1992; Barbier et al., 1991; Bar-bier and Burgess, 1997; Kaimowitz and Angelsen, 1999; Southgate et al., 1991; andSouthgate, 1990). It is easily understood that sine a ountry gets revenue fromagriulture, the temptation is high to follow a laisser-faire poliy when it omes todeforestation.Sholars are pointing out that forest onservation is not only a ost but also hasits domesti bene�ts suh as, e.g., the avoidane of the erosion-generating hanges(see, for example, Montgomery, 2002; Chomitz and Kumari, 1998; Cline, 1992). Fur-thermore, they argue that the osts of forest preservation are small ompared to thelarge non-eonomi bene�ts from doing so.At a domesti level, these bene�ts may, however, be muh smaller ompared tothe global ones, implying the need of global soures to �nane the forest onservation.Barret (1994-a), Von Amsberg (1994), Van Soest (1998) and Van Soest and Lensink



7(2000) argue that in some instanes the alloation of forest lands to alternative usemay enhane the domesti ountry's welfare, while dereasing welfare from the globalperspetive. This onfers to the deforestation issue its international externalitydimension and makes forest onservation a global environmental issue. As a matterof fat, one hundred nations have agreed on a treaty involving both The North andthe South to link environmental and eonomi issues in 1992 at the Earth Summit inRio de Janeiro. This treaty triggered a stream of researh whih aims at oordinatingthe e�orts of the North and the South to takle global environmental issues suh asdeforestation. The mehanisms proposed an be divided into trade measures and�nanial transfers.In the �rst perspetive, the general idea is to use trade poliy as an instrumentto ombat deforestation by a�eting the level or the method of forestry ativitiesas proposed, for example, by Barbier and Rausher (1994), Jepma (1995) and Kolk(1996). The level of deforestation is a�eted by ating on the demand through theimposition of tropial timber import bans and tari�s. The methods of deforesta-tion are ontrolled by disriminating between sustainable and unsustainable timberprodution. They enourage the �rst kind of prodution through subsidization anddisourage the seond by imposing seletive bans and tari�s.However, these trade interventions have been ritiized beause they an lead tomore overextration and a de�nition of property rights is proposed as an alternativeto regulation. This solution, whih goes up to Coase (1960) whih suggests thatwell de�ned property rights ould overome the problems of externalities (see CoaseTheorem), has been applied to this spei� issue in reent work; for example, byChihilnisky (1994) in an optimal ontrol theory approah, and by Tornell and Velaso



8(1992) in a di�erential game approah . Other authors suh as Cabo et al. (2001,2002), proposed apital transfer as a trade measure to inite biodiversity preservationusing a di�erential game approah.In this essay, we are mainly interested in the seond perspetive, whih has on-sidered aid donation and transfers as a solution for this global issue. Barbier andRausher (1994), using optimal ontrol theory, ompare the trade and transfer per-spetives and show that �nanial transfers an be more e�etive than trade interven-tion to ombat deforestation. These authors onsider lump-sum aid donations toallow forest onservation indiretly, by reduing the neessity to exploit the forests.The results indiate that diret international transfers will unambiguously inreaseforest stok in the long run equilibrium.However, lump-sum transfers have been ritiized as being a passive instrumentto ombat deforestation. A more ative way to use transfers would indeed be tomake the amount of transfer onditional to the reipient ountry's e�ort to improveforest onservation. St�ahler (1996) shows that paying a �xed prie per unit of forestland onserved unambiguously improves the long run forest onservation. However,he adds that this kind of dependeny between the transfers and the forest stokis unreliable sine the smaller the forest land beomes, the more the internationalommunity is willing to pay in order to prevent the onversion of an additional unitof forest land. Thus, suspeting this mehanism, the forest ountries an use their\market power" to inuene the per-unit ompensation through their deforestationbehavior. Consequently, per-unit ompensation may have adverse e�ets in the sensethat, if a strategi behavior is employed by the reipient ountries, long run forestsize an turn lower than if no ompensation is given. Therefore, this author raises



9the point that the spei�ation of the ompensation funtion is very important.Mohr (1996) emphasizes this point using a bargaining game. He argues thatthe redibility problem about whether the donor ommunity is indeed \hard nosed"about the spei�ed ompensation per unit of land, an give an inentive for the re-ipient ountry to inrease its deforestation rate. He lays stress on the fat that therainforest eosystem is, to a large extent, irreversible, whih makes this onsequentinrease in the rate of deforestation undesirable. For this reason, it may be advan-tageous to let the transfer depend on the deforestation rate, so that the reipientountries are diretly onfronted to the results of their land use deisions, as it wasproposed by Van Soest and Lensink (2000). Using a ontrat approah, the latterderive an aid donation funtion that best serves the donor ommunity's interest interms of forest onservation. That is, the donor ommunity o�ers an aid ontratthat establishes the terms of onditionality, after whih the reipient ountry hoosesthe rate of deforestation to maximize its utility given the terms of the ontrat. Theresults indiate that both donor and reipient ountries are better o� under the on-trat aid sheme. Also, long-run forest onservation an be improved by linearlypunishing deforestation or/and rewarding forest onservation using a �xed per-unitompensation prie. However, to improve short-run forest onservation in a diretway, the donor should punish deforestation at an inreasing rate.Mart��n-Herr�an et al. (2002) reonsidered the same problem in a di�erentialgame approah. This di�ers from the ontrat approah mainly beause both theSouth (reipient ountries) and the North (donor ountries) deide on their respetiveontrol variable, i.e. transfers and the deforestation rate, without a diret restritionon the other player's deision variable in their optimization problems. The numerial



10simulations show that the welfare and/or the forest onservation an be improvedunder the game approah ompared to the ontrat one.From the above aount of related literature, and to point out the di�erenes withthe losest papers to this one, i.e. Van Soest and Lensink (2000) and Mart��n-Herr�anet al. (2002), we make the following omments.� The fat that the reipient ountry ould reat strategially to the aid programof the donor ommunity, points toward using game theory as an analytialframework to analyze the problem of deforestation. Suh a problem is inher-ently dynami and hene the adoption of di�erential games is natural. Thisontrasts the optimal ontrol formulation in Van Soest and Lensink (2000).� In our study the �nanial transfers are bounded by a budget onstraint faed bythe North. This makes our approah very di�erent from the ones mentionedabove. The transfer funtion itself seems to inuene greatly the results interms of welfare and forest onservation. We shall onsider one whih takesinto aount both the deforestation rate (the ontrol of the South) and the forestsize (the state variable).� We onsider a �nite horizon model rather than an in�nite horizon. Indeed,although deforestation is a long term environmental problem, the assumed irre-versibility of onversion of forest to other uses invites the design of a programwhih is meant to have an impat in the short run. For this reason, we shall on-sider the implementation of an aid program available for, at most, a given periodof time and whose objetive, from donor perspetive, is easily measurable, thatis to maximize the size of forest at the �nal date of the program. Mart��n-Herr�an



11et al. (2002) onsider in�nite-horizon games and utility funtions for the Northwhih are oneptually appealing but rather diÆult to assess in pratie. Thesame di�erene is notieable with Van Soest and Lensink (2000).The results indiate that making the transfer funtion dependent on the deforesta-tion rate diretly in addition to be dependent on the forest stok has a lear impaton (slowing) deforestation. This result is onsistent with the �ndings in Van Soest(1998) and Van Soest and Lensink (2000). However, ontrary to the previous studies,we show that when the budget onstraint is binding, using a subsidy program doesnot neessarily improve forest onservation. In addition, we �nd that, whether theNorth's budget onstraint is binding or not, the forestry ountries' welfare annotbe unonditionally improved under the subsidy program ompared to the optimalontrol or laisser-faire senario. This implies that some onditions have to be takeninto onsideration to guarantee the implementation of this subsidy program seuredby the partiipation of both players.The rest of the essay is organized as follows. Setion 2 is devoted to the presen-tation of the model and the senarios to be analyzed. Setion 3 provides the solutionof the optimal ontrol problem of the South when the North does not provide anysupport for rainforest onservation. Setion 4 haraterizes an open-loop Stakelbergequilibrium of a di�erential game in whih the North is the leader and the South isthe follower. Setion 5 ompares the two senarios in terms of rainforest size and theSouth's welfare. Setion 6 onludes.



122. The model and senarios2.1 The modelBased on the original model proposed by Ehui et al. (1990), Van Soest and Lensink(2000) onsidered a model involving two agents, an aid reipient (or South) and adonor ommunity (or North) where the former optimizes its stream of disountedrevenues from forest exploitation (e.g. timber prodution), agriulture ativity andaid from the North over an in�nite horizon. The North's utility depends on the sizeof the rainforest and on the transfers given to the South. We adopt here a simpli�edversion of their model.Let D(t) denote the rate of deforestation in the South and F (t) be the size att 2 [0; T ℄ of the rainforest under onsideration by the North. The planning horizonT is interpreted here as the terminal date of the aid program set by the North. Theforestry revenues are equal to the timber prodution q (t) times the prevailing prieP (t). Assuming that there are n valuable stems per unit of land, the quantity oftimber produed is equal to n times D (t). For onveniene n is normalized to unitysuh that the timber prie P (t) represents the value of all ommerially valuabletimber per unit of land and hene q(t) = D(t).1 The (inverse) demand funtion isassumed, following a long tradition in eonomis literature, linear and given byP (t) = �P � �D (t) ;1The prodution of timber ould atually be done by two methods, namely seletive loggingand lear-utting methods. The former means that only a fration of timber is extrated whereasthe seond extrats all ommerially valuable timber and onsequently the land is onverted toagriultural use. In their model, Van Soest and Lensink (2000) do onsider both methods. Herewe are negleting the �rst method mainly for mathematial tratability.



13where �P is the maximal market prie obtained when D(t) tends towards zero and � isa positive parameter. Hene revenue from forest exploitation is given by P (t)D(t).Given this deforestation ativity, the rainforest evolves aording to the followingdi�erential equation typial in a non renewable resoure ontext_F (t) = �D (t) ; F (0) = F0; (1)where F0 denotes the initial size of the rainforest.The agriultural net revenue depends on the size of land under ultivation, F0 �F (t) ; and the monetary yield per unit of land whih in turn depends on agriulturalprie �PA and land produtivity �Z. The total revenue from agriulture is thus givenby �PA �Z [F0 � F (t)℄. Here we assume that �Z is onstant whih we do believe is nota severe assumption sine we are dealing with a (short run) �nite horizon. To saveon notation, let us denote the monetary yield per unit of land by Y = �PA �Z:An other possible soure of revenue for the South is the �nanial transfer fromthe North. Denote by s(t) the subsidy rate ontrolled by the North. As statedpreviously, we want to have the transfer S(t) at t 2 [0; T ℄ dependent (negatively)on deforestation rate and (positively) on the forest size. This an be ahieved in avariety of manners and we hoose the rather simple spei�ationS (t) = max f0; s(t) (F (t)� vD (t))g ; (2)where v is a positive onstant. Note that we onentrate in the sequel on the in-teresting ase where the transfer is non-negative, otherwise there is no game. Thepositivity of S(t) an be ahieved for instane by assuming that the \penalty" pa-rameter v is not too high, meaning that the North does not penalize too muh thedeforestation ativities in the South.



14Combining the revenues from forest exploitation, agriulture ativities and fromthe North aid program, the total revenue funtion of the South is thusR (t) = � �P � �D (t)�D (t) + Y (F0 � F (t)) + s(t) (F (t)� vD (t)) : (3)This funtion shows learly that there is a trade-o� between deforestation and on-servation of the rainforest. Assuming that the South aims at maximizing its streamof revenues over the duration of the aid program, its optimization problem thus readsW = maxfD(t)g Z T0 R (t) dt+ �F (T ) (4)s:t: : (1)� (3);where �F (T ) is the salvage value for the South of the available forest at the terminaldate. The linear form here is assumed for simpliity. The extreme ase is when �equals zero, whih ould happen if the revenues of deforestation are so large that theSouth applies a poliy of after-me-the-deluge and by the end of the planning horizondepletes ompletely the forest.Turning now to the North optimization problem, we assume that its objetive isto maximize the size of the rainforest by the terminal date of its aid program. Asmentioned before, this program is endowed with a total budget that we denote B.The budget onstraint is obviouslyZ T0 S (t) dt � B:This isoperimetri onstraint an be written equivalently as following_y (t) = S (t) ; y (0) = 0; y (T ) � B; (5)where _y (t) represents the spending rate at t and y (t) is the umulative spending fromthe start of the program till time t.



15Formally, the optimization problem of the North is thusmaxfs(t)gF (T )s:t: : (1)� (2) and (5):To reapitulate, we have de�ned a two-player non-zero-sum di�erential gamewhere the South ontrols the deforestation rate and the North the subsidy rate thatdetermines the transfer owing to the South. The game involves two state variables,the rainforest size in the reipient ountry and umulative spending by the North.Remark 1 The disount rate is set to zero whih seems to be aeptable in any �nite-horizon game. On the top of that, environmentalists are arguing that disountingwould not be fair from an intergenerational equity perspetive. However, all ourresults an be easily reprodued with a positive disount rate.2.2 The senariosTo assess the eÆieny of the aid program (to whih we shall also refer as the oor-dinated e�ort game), we shall ompare its results to a benhmark laisser-faire ase.In suh senario, the North does not provide any aid to the South and the prob-lem beomes an optimal ontrol one where the South optimizes its revenues withS(t) = 0; 8t 2 [0; T ℄.The eÆieny of the oordinated e�ort game with respet to the laisser-faire asewill be assessed in both environmental and eonomi terms. Environmental eÆienyis measured by the di�erene between the two senarios in the rainforest size inheritedat terminal date. If the aid program inreases this size with respet to the laisser-faire ase, then the North would be willing to o�er to the South suh a program.



16Eonomi eÆieny is assessed by the di�erene in total revenues seured by theSouth with and without the aid program. The South would be willing to implementthe deforestation poliy presribed in the oordinated e�ort game if it results in aninrease in its revenue. When both onditions are met, we shall say that the aidprogram is implementable. Note that implementability here is synonymous withPareto improvement with respet to the benhmark ase.We still need to larify whih solution onept and information struture we willadopt in the oordinated game. It seems natural to assume that the donor ommu-nity plays a leadership role in the implementation of the aid program and we assumehene that the game is played �a la Stakelberg. Regarding the information struture,we shall retain the tratable open-loop one whih an be justi�ed here on the groundthat the horizon of the aid program is short. The North will announe its subsidyrate and the South will work out its deforestation poliy aordingly. Althoughin general a feedbak information struture is more oneptually appealing than itsopen-loop ounterpart, it is plausible to assume in our ontext that the North wouldnot put its future redibility in jeopardy by retrating at an intermediate date fromwhat it announed at the initial instant of the game. In a di�erent ontext, Zaour(1996) and J�rgensen and Zaour (1999) suggested subsidy shemes for a govern-ment wishing to aelerate the di�usion of a new (green) tehnology in the soietybased on open-loop (respetively Nash and Stakelberg) information struture argu-ing that it does not seem empirially plausible that the government hanges later onthe announed program at initial date. They provide examples where the programremained as when initiated during its whole duration. Note further that the transferfuntion we suggest depends on the state whih onfers an adaptability avor to it.



173. The laisser-faire senarioHere the North does not play and the South solves the optimal ontrol problem in(4) with S(t) = 0; 8t 2 [0; T ℄. We omit from now on the time argument when noonfusion may arise. The following proposition provides the optimal solution to theSouth problem where the supersript L stands for Laisser-faire.Proposition 2 Assuming an interior solution, the laisser-faire optimal ontrol, stateand ostate are given byDL (t) = �P � �+ Y (T � t)2� ; (6)FL (t) = F0 + Y4� t2 � �P � �+ Y T2� t; (7)�L (t) = �Y (T � t) + �: (8)The South welfare is given byWL = Y 2T 2 + 3( �P � �) � �P � �+ Y T �12� T + �F0: (9)Proof. The Hamiltonian of the South optimal ontrol problem isHL(F;D; �) = � �P � �D�D + Y (F0 � F )� �D;where � denotes the aid reipient's ostate variable assoiated with the forest stok.The �rst order onditions are given by:HLD = �P � 2�D � � = 0;_F = HL� = �D < 0; F (0) = F0;_� = �HLF = Y > 0; � (T ) = �: (10)



18The ostate di�erential equation has as its solution�L (t) = �Y (T � t) + �:It is easy then to get the optimal ontrol DL (t) and the resulting state trajetory.Inserting these values in (4) and integrating leads to the optimal welfare WL:The results in the above proposition are intuitive. Indeed, it is readily seenfrom the optimal onditions that the deforestation poliy satis�es the familiar rule ofmarginal revenue from deforestation ( �P � 2�D) must equal its marginal ost, givenhere by the ostate �. Conserving an additional unit of rainforest has two impatson South's performane. One is positive and is measured by the marginal value atterminal time of rainforest, and the seond one orresponds to the loss in agriulturerevenues given by the monetary yield by unit of land Y times the remaining time.Furthermore, DL (t) is an inreasing funtion in the prevailing timber prie (sine it isdereasing in the slope of the demand law for timber (�) and inreasing in the interept( �P )). In addition, the dynamis of the shadow prie (equation (10)) indiates thatit is inreasing at a onstant positive rate equal to the agriultural revenue per unitof land (Y ) and reahes its maximum at terminal date where it is equal to �.Remark 3 The neessary onditions are also suÆient. Indeed, the Hamiltonian islinear in the state and HLDD = �2� < 0:Remark 4 In Proposition 1 we have assumed an interior solution. Sine _FL =�DL; a suÆient ondition to have FL(t) > 0; 8t 2 [0; T ℄ is FL(T ) > 0. Evaluating(7) at T and arranging terms, we haveFL (T ) = � Y4�T 2 � �P � �2� T + F0;



19whih is positive if and only if 2F0 � ~FL = Y T + 2 � �P � ��4� T: (11)4. The oordinated E�ort SenarioIn this senario the North (donor ommunity) partiipates in the onservation e�ortof the rainforest by ompensating the South for its loss of revenues through a subsidyprogram.The sequene of events is as follows. The North as the leader in the Stakelberggame moves �rst and proposes to the South a �nanial transfer given by (2). TheSouth (follower) optimizes its objetive taking into aount the leader's announementand determines its deforestation rate. The main di�erene between this senario andthe previous one is that the South's trade-o� between deforestation and onservationmust take into aount the additional resoure provided by the North as a ontributionto onservation e�ort.To determine an open-loop Stakelberg equilibrium, we �rst solve the South prob-lem, that is W = maxfD(t)gZ T0 �� �P � �D�D + Y (F0 � F ) + S (t)� dt+ �F (T ) ;s.t.: _F (t) = �D (t) ; F (0) = F0;S (t) = max f0; s(t) (F (t)� vD (t))g :The South's Hamiltonian of the problem isHCf = ��D2 + � �P � sv � ��D + (s� Y )F + Y F0;2If ondition (11) is not satis�ed, then the forest stok beomes null before the end of the programis reahed.



20where � denotes the South's ostate variable assoiated with the forest stok. The su-persript C stands for "oordinated senario" and the subsript f stands for "follower".Assuming an interior solution, �rst order onditions areD = � 12� ��+ vs� �P� ; (12)_F = 12� ��+ vs� �P � ; F (0) = F0; (13)_� = Y � s; � (T ) = �: (14)As in the optimal ontrol senario the deforestation rate is dereasing with respetto the shadow prie of the forest stok and inreasing with the market timber prie.Note that D; as expeted, depends negatively on the subsidy rate (see equation (12)).The diretion of variation of the shadow prie of the rainforest (see (14)) depends onthe di�erene between the per unit of land yield from agriulture and the per unitrevenue (subsidy) from land onservation. Reall that in the laisser-faire senariowe had _�L = Y:As a Stakelberg leader, the North inorporates the last two equations in itsoptimization program, whih readsmaxfs(t)gF (T ) ;s.t.: _y = s�F + v2� ��+ vs� �P �� ; y(0) = 0; y(T ) � B;_F = 12� ��+ vs� �P � ; F (0) = F0;_� = Y � s; � (T ) = �:where � denotes the ostate of umulative expenditures of the North y, � theNorth's shadow prie of the forest stok F and  the ostate of the South's shadowprie of the forest stok.



21Let HCl be the leader's Hamiltonian whih an be written as:HCl = v22��s2 � �Pv2� �s+ �sF �  s+ v2��s+ v2���s+ Y  � �P2�� + 12���:The Lagrangian assoiated with this problem isLCl = HCl + � (B � y (T )) ;where � is the multiplier assoiated with the budget onstraint at �nal time T .The �rst order onditions of the leader's optimization problem are:(HCl )s = v2� �s� �Pv2� �+ �F �  + v2�� + v2��� = 0: (15)
_� = �(HCl )y = 0; � (T ) = ��; (16)_� = �(HCl )F = ��s; � (T ) = 1; (17)_ = �(HCl )� = � 12� (v�s+ �);  (0) = 0; (18)_y = (HCl )� = s2� �2�F + v2s+ v�� v �P � ; y(0) = 0; (19)_F = (HCl )� = 12� ��+ vs� �P� ; F (0) = F0; (20)_� = (HCl ) = Y � s; � (T ) = �; (21)�(B � y(T )) = 0; � � 0; y (T ) � B: (22)The omplementarity terminal ondition on the budget onstraint in (22) requiresthe study of two di�erent ases. First, we analyze the ase where the North doesnot spend all its available budget by the end of the program. Seond, we look at thease where the budget onstraint is "binding".Case 1. B > y (T )



22In this ase, the North doesn't spend all its available budget. This means thatthe budget onstraint is not binding and that the multiplier � is equal to zero, whihfrom (16) implies that the ostate variable � is also equal to zero over all the horizon.From the neessary ondition (15) it is easy to see that the problem beomes bang-bang in the ontrol variable s. To give sense to the optimization problem, we assumethat the transfer rate s is lower bounded by zero and upper bounded by �s. Then,the optimal ontrol poliy an be desribed by:sC1 = 8>>><>>>: �s if �  + v2�� > 0;ŝ if �  + v2�� = 0; ŝ 2 [0; �s℄ ;0 if �  + v2�� < 0;where the supersript C1 refers to ase 1 of the oordinated senario.The next proposition shows that the North's optimal poliy is to subsidize theSouth at the maximum rate for all t.Proposition 5 sC1(t) = �s; 8t 2 [0; T ℄.Proof. Sine � is identially null, equation (17) implies that � (t) = 1; 8t 2 [0; T ℄.Therefore, integrating (18), we obtain  (t) = � 12� t; 8t 2 [0; T ℄, whih is alwaysnegative. Sine � + v2�� = 12� t+ v2� > 0; 8t 2 [0; T ℄, then we obtain sC1(t) = �s; 8t 2[0; T ℄.The interpretation of the above proposition is simple: sine the subsidy is bene-�ial to the North's objetive and a budget is anyway available and not tight, thenlearly the optimal poliy is to support maximally the onservation e�ort of the South.Proposition 6 The maximum subsidy rate �s that the North will o�er onstantly tothe South during the aid program period, if he is spending y(T ) an amount stritly



23inferior to the total budget B, satis�es: �s 2 (0; �s2), where�s2 = �C2 +pC22 � 4C1C32C1 > 0;and C1, C2 and C3 are onstants given byC1 = T �v(T + v) + 13T 2� ;C2 = T �2�F0 � Y T �v2 + T3�� ( �P � �)�v + T2�� ; (23)C3 = �2�B:Proof. Note that �s is the maximum subsidy rate that the North will o�er on-stantly to the South during the program period, if he is spending y(T ) an amountstritly inferior to the total budget B. This means that the subsidy rate �s must besuh that the following inequality is satis�ed:Z T0 �s[F (t)� vD(t)℄dt = y(T ) < B: (24)Using the budget onstraint (24), we an solve for the maximum subsidy rate �s aftersubstituting F (t) and D(t) by their respetive optimal values given by equations (27)and (29).There is a positive transfer and a North-South agreement, if the following expres-sion is positiveF (t)� vD(t) = F0 � 12� (t+ v)[(Y � �s)T + �P � �� �sv℄ + Y � �s4� t(t + 2v): (25)In this ase, the transfer rate is equal to �s, and this rate has to ful�ll the followingbudget onstraint Z T0 S(t) dt � B = Z T0 �s(F (t)� vD(t)) dt � B:



24After substituting (F (t)� vD(t)) by its expression given in (25) and the ompu-tation of the seond integral of the above inequality, the latter an be written as aseond degree inequality with respet to �s:T �v(T+v)+13T 2� �s2+T �2�F0�Y T �v2+T3��( �P��)�v+T2�� �s�2�B � 0;whih an also be written as C1�s2 + C2�s+ C3 � 0; (26)where onstants C1; C2 and C3 are given in (23).It is obvious that C1 > 0; C3 < 0. We an then solve for �s in (26), even if the signof C2 is unknown. If we denote by �s1; �s2 the two possible solutions for the equationC1�s2 + C2�s+ C3 = 0;we have : �s1 = �C2 �pC22 � 4C1C32C1 < 0;�s2 = �C2 +pC22 � 4C1C32C1 > 0:This means that the budget onstraint as desribed in the inequality (26) is sat-is�ed if and only if �s 2 (0; �s2):



25Given the optimal subsidy rate, integrating equations (19), (20) and (21) we get:FC1 (t) = F0 + Y � �s4� t2 � �P � �� �sv + (Y � �s)T2� t; (27)�C1 (t) = � (Y � �s) (T � t) + �; (28)yC1 (t) = �st2� �(Y � �s)t26 � � �P � �� vY + T ((Y � �s)� t2 + 2F0��v � �P � �� v�s+ (Y � �s)T �� :Finally, replaing the optimal paths of the North's ostate variable in equation(12), the optimal deforestation rate path is ompletely determined:DC1 (t) = Y � �s2� (T � t) + �P � �� �sv2� : (29)We an then obtain the South's welfare funtion:WC1 = (Y � �s) �(Y � �s)T + 3 � �P � �� �sv��T + 3 � �P � �� �sv�212� T +F0 (�+ �sT ) : (30)Remark 7 In the above proposition we have assumed an interior solution. To guar-antee that FC1(t) � 0; 8t 2 [0; T ℄; it suÆes to have FC1(T ) positive. SineFC1(T ) = F0 � Y � �s4� T 2 � �P � �� �sv2� T;then FC1(T ) is positive ifF0 � ~F C1 = (Y � �s)T + 2 � �P � �� �sv�4� T:Note that the last ondition is always satis�ed given ondition (11), sine ~FL � ~F C1 .The deforestation rate is dereasing with respet to the subsidy rate, as expeted.The di�erene with the former senario is that the subsidy rate a�ets positively



26the South's shadow prie of the forest stok and negatively the deforestation rate.This implies that the subsidy reeived from the North inreases the South's marginalevaluation of the forest stok, ounterating the e�et of the agriultural revenue perunit of land whih helps to redue the deforestation rate and to inrease the Southshadow prie by reduing the opportunity ost of onserving the forest stok. Thisan be easily seen by omparing equations (29) and (28) respetively to equations (6)and (8), where the main di�erene is the presene of the subsidy rate.Finally, it is straightforward to see that the welfare is inreasing with the per unitof land agriulture revenue, the agriultural produt prie, the initial size of the foreststok, the �nal horizon time and the prevailing timber prie. It is however dereasingin the punishing oeÆient related to the deforestation rate v in the subsidy funtion,implying an ative inentive for the South to preserve the forest stok. The welfarefuntion also inreases as the maximum subsidy rate �s or the onstant � in the salvagevalue funtion inreases. These results are fairly intuitive.Remark 8 Note that �s is the maximum subsidy rate that the North will o�er on-stantly to the South during the program period. If it happens that the total amountspent y(T ) is stritly inferior to the total budget B, then the subsidy rate �s should beinreased sine the North an ahieve a better result with the same budget. Thus,the most eonomially interesting ase would be the one where there is a binding on-straint, i.e., the whole budget is spent and �s = �s2:Case 2. y (T ) = BIn this ase we study the ase where the North faes a binding budget onstraintand, onsequently, has to spends all its available budget.



27From (22) we have a positive Lagrangian multiplier �. Further, from (16), wehave �(t) = ��; 8t 2 [0; T ℄:Therefore, the North's ostate variable, �, assoiated with the aumulated subsidyspent by this region, y, takes always a onstant and negative value. A onstantvalue means that the marginal ontribution to the objetive of eah dollar spent isthe same. Being non-positive simply reets the fat that the more money whihhas been spent by time t, the less is left in the budget. Reall that the budget isgiven here. Using this expression for variable �, the optimal ondition (15) gives thefollowing expression for the subsidy rate:sC2 = � �v2F � 12v�� �v2  � + 12v �� + �P2v ; (31)where the supersript C2 stands for ase 2 in the Coordinated senario.The North's optimal subsidy rate is dereasing with the forest stok, implying thatthe North's willingness to pay for the forest stok onservation is higher when theforest stok beomes smaller. The subsidy rate is inreasing (respetively dereasing)with respet to the North's forest shadow prie (respetively the South's). Thisis an expeted result sine the North will inrease its subsidy rate as its marginalevaluation of the forest inreases. On the ontrary it will inrease the subsidy rateif the South's marginal evaluation of the forest stok dereases beause it implies ahigher deforestation rate. In other words, the lower is the South evaluation of theforest stok, the more it will tend to deforest and the larger the subsidy rate o�eredby the North will be. Finally we note that the subsidy rate is inreasing in the timbermarket prie: The North should inrease its ompensation (subsidy) to prevent that



28the South, indued by higher potential forestry revenues, inreases its deforestationrate.Contrary to the ase in whih the North does not spend all its budget at the endof the time horizon, now the dynami system of the optimal onditions is oupled andannot be solved reursively as we have previously done. Integrating the system ofdi�erential equations and after some manipulations, we obtain the �nal expressionsof the optimal time paths:FC2 (t) = � Y8� (2T � t) t+ 1� � � �P � ��4�� t+ F02 �e� 1v t + 1� ; (32)�C2 (t) = ��Y2 (T � t)� � �P � �� vY2 �1� e� 1v (T�t)�+12 �1 + e� 1v (T�t)� + ��F02v (e� 1v t � e� 1v (2T�t));�C2 (t) = �Y2 (T � t)� 1 + �( �P � �� vY )2� e� 1v (T�t)��F02v (e� 1v t � e� 1v (2T�t)) + 1 + � � �P + �� vY �2� ; C2 (t) = �Y8� (2T � t) t� 1� �( �P � �)4� t + �F02 �e� 1v t � 1� :Replaing these expressions in the South's optimal deforestation rate and theNorth's optimal transfer rate we obtainDC2 (t)=Y4� (T � t) + F02v e� 1v t + � � �P � ��� 14�� ; (33)sC2 (t)= 1+� ��P���2�v e�1v (T�t)+Y2 �1�e�1v (T�t)�� �F02v2 �e�1v t+e�1v (2T�t)� : (34)Finally replaing the orresponding expressions in the South's welfare funtion weget WC2=��Y T+3 �� � �P����1��Y T 248�� +[�� � �P����1�2 + 12�2�Y F0℄T16�2�+�F02 �1+e� 1vT��3�F 208v �1�e� 2vT� + �� �3 �P���3vY �+1�F04� �1�e� 1vT� : (35)



29Remark 9 In the above proposition we have assumed an interior solution. To guar-antee that FC2(t) � 0; 8t 2 [0; T ℄; it suÆes to have FC2(T ) positive. SineFC2 (T ) = � Y8�T 2 + 1� � � �P � ��4�� T + F02 �e� 1vT + 1� ;then FC2(T ) is positive forF0 > [� �Y T + 2 � �P � ���� 2℄T4���e� 1vT + 1� :Di�erentiating with respet to the time variable the deforestation rate shows thatit dereases over time, whih means that as the forest stok dereases, the Southapplies a lower deforestation rate. Sensitivity analysis of DC2 (t) allows to obtain thefollowing intuitive results, i.e. the deforestation rate is� inreasing with respet to monetary yield from agriultural and to timber'smarket prie.� dereasing with respet to the punishing oeÆient v in the subsidy formulafuntion (showing that the latter is playing its expeted role of disouragingdeforestation). It is also dereasing with respet to the salvage value the Southattributes to the terminal rainforest stok.Regarding the subsidy rate, it is easy to hek that it is inreasing in timber prieand in agriultural yield, showing atually that the higher is the potential loss of theSouth from onservation, the higher the ost for the North to ahieve its objetive.The subsidy rate is dereasing in the initial forest size showing that the less therainforest is vulnerable, the less is needed to be done by the North.Finally, note that the impat of a hange in the key parameters, one at a time, onthe welfare of the South is generally ambiguous.



305. Comparison of senariosThe aim of this setion is to assess the implementation of the oordinated e�ortsenario. As stated previously, the implementability of the oordinated senariorequires that it improves the South's welfare and the rainforest at terminal date ofthe subsidy program, whih orresponds to the North's objetive.The following proposition provides the result regarding the rainforest.Proposition 10 (i) FC1(T ) > FL(T ).(ii) If F0 < �FC2IN = �Y T+2(1+�( �P��))4��(1�e� 1v T ) T , then FC2(T ) > FL(T ):Proof. From (7), (27) and (32), we get the terminal rainforest stoksFL(T ) = 14� �4�F0 � Y T 2 � 2 � �P � ��T � ;FC1(T ) = 14� �4�F0 � (Y � �s)T 2 � 2 � �P � ��T + 2�svT � ;FC2(T ) = 18� �4�F0 �e� 1vT + 1�� Y T 2 + 2T� �1� � � �P � ���� :Clearly,FC1(T )� FL(T ) = �sT4� (T + 2v) > 0;FC2(T )� FL(T ) = 18� �4�F0 �e� 1vT � 1�+ Y T 2 + 2T� (1 + �( �P � �))� :Last expression is positive if and only F0 < �FC2IN .The proposition shows that the subsidy program is always ahieving its goal re-garding forest preservation, if the budget onstraint is not stringent. To guaranteethe same result when the total budget is tight, a lower bound on the initial rainfor-est size is needed. Note that both of the above di�erenes (FC1(T ) � FL(T ) and



31FC2(T )� FL(T )) are inreasing funtions in the penalty parameter v. This shows,again, the relevane of onsidering a subsidy formula based on both the forest stokand the deforestation level. Further the improvement in the rainforest stok with re-spet to laisser-faire senario ould be assessed by the North in unit of land terms, byomputing the ratio FC1 (T )�FL(T )yC1 (T ) for the ase where the total budget is not exhaustedand FC2(T )�FL(T )B for the other ase.The above result onstitutes a suÆient ondition for the North to implement thesubsidy program. We may still wonder how the rainforest trajetories ompare underthe two regimes (laisser-faire and oordinated e�ort).Proposition 11 For the satisfation of the eonomi eÆieny, omparing the rain-forest trajetories, we have(i) FC1 (t) > FL (t) ; 8 t 2 [0; T ℄ :(ii) If F0 < �Y (2T�t)+2(1+�( �P��))4���1�e� 1v t� t; 8 t 2 [0; T ℄, then FC2 (t) > FL (t) ;8t 2 [0; T ℄ :Proof. (i) From (7) and (27) we haveFC1 (t)� FL (t) = (2T � t) + 2v4� t�s > 0; 8t 2 [0; T ℄ :(ii) From (7) and (32)FC2(t)� FL(t) = ��Y t2 + 2 �1 + � � �P � �+ TY �� t8�� � �1� e� 1v t�F02whih is learly positive ifF0 < �Y (2T � t) + 2 �� � �P � ��+ 1�4���1� e� 1v t� t; 8t 2 [0; T ℄ :



32
The above proposition shows that if the budget onstraint is not ative, then theoordinated rainforest trajetory is always above its laisser-faire ounterpart. Whenthe budget onstraint is tight, this result is ensured only if ertain ondition on theinitial size of the forest is satis�ed.We will now assess the implementability onditions for the South. Theses on-ditions ompare the welfare, assuming that the follower will indeed implement thelaisser-faire strategy, whih is not guaranteed automatially in our setting. In e�et,the South still has the possibility to play the unoordinated-strategy in the oor-dination senario when this latter improves its fate. In this ase he will reeivea non negative payment (eventually zero transfer) from the North. Thus the fol-lowing proposition states the result under the assumption that the South is reallyooperating (always play the stakelberg solution) in the oordinated e�ort senario.Proposition 12 The eonomis eÆieny is not trivial: The South's welfare underthe di�erent senarios ompare as follows:(i) If the following ondition on initial rainforest is satis�edF0 � FC1IS = (2Y � �s)T 2 + 3 � �P � �+ v (Y � �s)�T + 3v �2 � �P � ��� v�s�12� ;then WC1 > WL:(ii) If one of the following onditions on initial rainforest is satis�edF0 � �FC2IS = �b�pb2 � 4a2a and  > 0;or FC2IS = �b +pb2 � 4a2a � F0 � �FC2IS and b > 0;  < 0; b2 � 4a > 0;



33then WC2 > WL; wherea = �3�8v (1� e� 2vT ) < 0;b = 14� [(1� e� 1vT )(1 + 3�( �P � �� vY )) + 3TY ℄; (36) = � T16��2 [�1 + 2�( �P � �) + 3�2( �P � �)2 + TY (TY + 1 + 3�( �P � �))℄:Proof. (i) Use (30) and (9) to omputeWC1�WL=��s (2Y ��s)T 2+3�s � �P��+v (Y ��s)�T+3v�s �2 � �P����v�s�12� T+�sF0Twhih is positive if F0 � FC1IS :(ii) Use (35) and (9) to omputeWC2 �WL=� 116��2 [Y �T 2(Y �T + 1 + 3�( �P � �)) +(3�2( �P � �)2 + 2�( �P � �)� 1� 12F0Y ��2)T + 16F0��2�℄�3�8v (1� e� 2vT )F 20 + 14�(1� e� 1vT )F0(1 + �(3 �P � 3vY � �)) +12(1 + e� 1vT )F0�:The above expression an be rewritten as a seond-order polynomial in variable F0:WC2 �WL = aF 20 + bF0 + ;where the onstants a; b and  are given in (36).Studying the sign of the polynomial, we have di�erent results depending on thesign of onstants b and  and on the sign of the disriminant assoiated to the seond-order polynomial: � = b2 � 4a.



34If  > 0, then WC2 �WL > 0 , F0 � �FC2IS :If  < 0 and � < 0, then always WC2 �WL < 0 for any F0 positive.If  < 0; b < 0 and � > 0; then always WC2 �WL < 0 for any F0 positive.If  < 0; b > 0 and � > 0, we have:WC2 �WL > 0 , FC2IS � F0 � �FC2IS :The main message of the above proposition is that the South will see its welfareimproved with respet to laisser-faire senario only if a ertain ondition on initialstate of rainforest is satis�ed. In both ases, whether the aid budget is tight or not,the onditions to guarantee suh improvement depend on all the model's parametersand does not o�er a qualitative insight.Next orollary summarizes the onditions for joint implementability of the subsidyprogram for North and South.Corollary 13 The subsidy program will be implemented(i) When the budget onstraint is not tight, if the following ondition on initialrainforest is satis�ed F0 > FC1IS :(ii) When the budget onstraint is ative, if one of the following onditions oninitial rainforest is satis�edF0 < inff �FC2IN ; �FC2IS g and  > 0:



35or FC2IS < F0 < inff �FC2IN ; �FC2IS g and b > 0;  < 0; b2 � 4a > 0:The previous orollary indiates that in ase the North does not spend all its avail-able budget, the joint implementability ondition is just that of the South. However,when the North does spend all its budget, the implementability of the subsidy pro-gram depends on both players' onditions to join the program. This means that thease where the North is not limited by the budget available (ase 1) an reah itsobjetive of forest onservation, in the sense that the forest stok is unambiguouslyimproved in ontrast with the ase where it is onstrained by the budget available(ase 2).6. ConlusionUsing a model representing an eonomi/eologial interation of the rainforest, weshowed that it is possible for the North to design a subsidy program to help the Southin managing this forest. The setting is of a di�erential game with a leader-followerinformation struture played over a �nite horizon. The results indiate that makingthe transfer funtion dependent on the deforestation rate diretly in addition to bedependent on the forest stok, has a lear impat on (slowing) deforestation. Thisresult is onsistent with the �ndings in Van Soest and Lensink (2000). In the ase ofa non e�etive budget onstraint (the budget in not binding as in ase 1), we also jointhe results of previous literature (see for example; Stahler (1996), Mohr (1996), Vansoest and Lensink (2000), Mart��n-Herr�an et al. (2002)) stating that funding forestpreservation leads to its unambiguous improve.



36However, ontrary to these previous studies, we showed that in some ases (whenthe budget onstraint is binding as in ase 2) additional onditions may be neededto ensure an improvement of forest onservation under the subsidy program. Inaddition, we found that the forestry ountries' welfare annot be unonditionallyimproved under the subsidy program ompared to the optimal ontrol or laisser-fairesenario. This means that some onditions have to be taken into onsideration toguarantee the partiipation of the North and the South in this program, whih is nottrivial as stated in the previous literature, ited above.To be able to derive qualitative results and to onentrate on the main point, i.e.the design of a subsidy program, we made some simplifying assumptions. One ouldextend this work along the following lines.� A sensitivity analysis on the budget ould be done to hek if there is a rangeof values that lead to aeptability of the aid program by the two players. Oneould also assume that the budget an be replenished by the North: Anotherextension is to introdue the ost of the budget spent by the North in its ob-jetive funtion. Under this hypothesis the North would look for an optimaltrade-o� between �nal forest size and budget spent for the subsidy program.� The subsidy program is implemented here as part of an open-loop Stakelbergequilibrium. It would be of methodologial interest to ompare our results tothose that would be obtained by de�ning the game as a ooperative one or byassuming still a non ooperative setting and use so-alled inentive equilibriumwhere the North ould ondition its subsidy diretly to South's ation.



37.

ESSAY 2Inentive Mehanisms to EnforeSustainable Forest Exploitation



381. IntrodutionThe global rate of tropial forest destrution is raising general onern. Aordingto the Foods and Agriulture Organization's (FAO) estimates, 53000 square miles oftropial forests were destroyed eah year during the eighties. A report by the WorldResoures Institute (see Matthews (2001)) on�rms that the deforestation rate is notslowing but on the ontrary ontinues to be rapid.The adverse onsequenes of tropial deforestation on biodiversity onservationand limate hange are onsiderable. In fat, the rate of arbon dioxide (one of themain fators of global warming) released in the atmosphere due to tropial deforesta-tion is approximately 1.6 billion metri tons per year. This onstitutes a signi�antontribution ompared to a rate of 6 billion metri tons of arbon emitted from fossilfuel burning (Earth observatory, 2001). Moreover, serious sienti� estimates indiatethat, on the average, 137 speies forms of life (plants and animals) are driven intoextintion every day due to habitat destrution (Wilson, 1992).The main auses of tropial deforestation seem to be the onversion of forestedland to agriultural use and, to a lower level, forestry ativities (e.g. Amelung andDiehl, 1992; Barbier et al., 1991; Barbier and Burgess, 1997; Kaimowitz and Angelsen,1999; Southgate et al., 1991; and Southgate, 1990).It is easily understood that sine a ountry gets revenue from agriulture andforestry ativities, the temptation is high to follow a laissez-faire poliy when itomes to deforestation. In fat, sholars are pointing out that even if the osts offorest preservation are small ompared to the large non-eonomi bene�ts from doingso, at a domesti level these bene�ts remain muh smaller than the global ones (e.g.Montgomery, 2002; Chomitz and Kumari, 1998; Cline, 1992). Barret (1994-a), Von



39Amsberg (1994), Van Soest (1998) and Van Soest and Lensink (2000) argue thatin some instanes the alloation of forest lands to alternative use may enhane thedomesti ountry's welfare, while dereasing welfare from the global perspetive. Thisonfers to deforestation its international externality dimension. One possibility totakle this problem by rih ountries whih value the tropial forest is to �naniallyompensate those forestry ountries whih aept implementation of onservationpoliies.Given the dynami nature of this problem, the literature has adopted di�erentialgames and optimal ontrol theory formalisms to design �nanial transfers from thedeveloped ountries (termed the North) to forestry developing ountries (alled theSouth). Barbier and Rausher (1994), using optimal ontrol theory, onsider lump-sum aid donations as an indiret instrument to onserve the forest by reduing theneessity to exploit it. Lump-sum transfers have been however ritiized as being apassive instrument to ombat deforestation. A more ative way to use transfers wouldbe to make the amount of payment onditional to the e�ort deployed by the reipientountry to onserve the tropial forest.From this perspetive, a transfer that onsists of paying a �xed prie per unit ofland onserved was proposed by St�ahler (1996) who used an optimal ontrol approahand by Mohr (1996) of a bargaining game framework. These authors raise the pointthat this kind of dependeny between the transfers and the forest size may, however,have adverse e�ets in the long run. As the international ommunity's willingness topay is higher when the forested land beomes smaller, the forestry ountry an use its\market power" to raise the per-unit ompensation through a strategi deforestationbehavior. Mohr (1996) explained that, in this ase, the redibility problem about



40whether the donor ommunity is indeed \hard nosed" about the �xed ompensationan give an inentive to the reipient ountry to inrease its deforestation rate.Consequently, a transfer payment that penalizes an exessive deforestation rate inaddition to ompensating for eah unit of onserved forested land may be advanta-geous, espeially if we onsider that the eosystem biodiversity is, to a large extent,irreversible. Suh a transfer payment, whih makes the reipient ountries diretlyonfront the results of their land use deisions, was �rst used in a ontrat approahby Van Soest and Lensink (2000), and in a di�erential game approah by Fredj et al.(2004) and Mart��n-Herr�an et al. (2002).In all these models, the North's main onern is forest preservation, whereas theforestry ountry's objetive is the maximization of the total revenues it an extratfrom forestry and agriultural ativities. In other words, the problem here is essen-tially that resoure managers do not internalize the loss of biodiversity or the loss ofan important arbon sink in their objetive funtion. This means that the bene�tsfrom tropial forests onservation that represent the onerns of the North (suh asure for aner and other illnesses, and the mitigation of limate hange) are ignoredby the domesti forestry ountries.;Consequently, and as it has been proven in the above studies, it should be in theinterest of both the North and the South to implement the agreed transfer program.Nevertheless, there is no guarantee that both players would stik to their respetiveengagements as ditated by the agreed poliy. One of the players an have an inentiveto deviate from the initial agreement if it knows that the other player will stik toits engagement. The strategies implied by the agreement are then no longer anequilibrium.



41This alls for the use of inentive mehanism strategies to ounter this eventualproblem. The externality problem in several environmental issues has led to the useof inentive mehanism design, e.g. J�rgensen and Zaour (2001) use inentive equi-librium strategies in the pollution ontrol problem. Originally the idea of inentiveequilibrium has been developed and applied to resoure management problems byEhtamo and H�am�al�ainen (1986, 1989, 1993).This paper is onerned with the design of inentive strategies mehanisms thatan be used by a donor ommunity so that the forestry ountries �nd it optimal tohoose in equilibrium a deforestation poliy whih is sustainable in the long run. Weassume that the Northern ommunity has a real onern about forest preservation.Therefore, it an not put its future redibility in jeopardy, by retrating at an inter-mediate date, from what it announed at the initial instant of the game; espeiallyonsidering that this environmental agreement is expeted to be renewed at the endof the horizon or later on. We, then, exlude the possibility of deviation from thisplayer. Unilateral deviation remains, however, possible from the forestry ountry as itan be more bene�ial for it to reeive the ompensating transfer without making anye�ort of forest onservation. To avoid this problem, the North an use an inentivemehanism to fore the forestry ountry to stik to the agreed strategy.The objetive of the Northern ommunity is that, while maximizing its streamof revenues, the forestry ountry hooses a deforestation rate that is sustainable inthe long run. The oÆial de�nition of sustainable development stated in the WorldCommission on Environment and Development's report (1987) is \development thatmeets the needs of the present without ompromising the ability of future generationsto meet their own needs".



42To guarantee the partiipation of the forestry ountry in the program, the agree-ment should ensure at least the same atualized revenues as what the forestry ountryan have without the developed ommunity's intervention, for the period overed bythe agreement. Furthermore, to guarantee the implementation of the agreement onethe forestry ountry aepts to reeive the transfer, theNorth has to make the transferdependent diretly on the forestry ountry's ations regarding the forest exploitation.The objetive of doing so is that the forestry ountry �nds it optimal in the short runequilibrium, to hoose a deforestation rate that leads to a sustainable forest stok.This happens when for instane the deforestation rate is equal to the forest's naturalregeneration (see, for example, Beltratti, 1995). Our results show that this is possibleand an be implemented using an inentive transfer mehanism where the amount oftransfers is linear in the forest stok and linear-quadrati in the deforestation rate.The main ontributions of the paper are the following. First, we solve for both theshort-run and long-run equilibria. This allows us to alulate the sustainable forestexploitation (alulated for the long-run equilibrium) and to estimate the loss in totalwelfare the forestry ountry an bear due to a more sustainable exploitation.Seond, we de�ne a transfer funtion whih guarantees the partiipation of thereipient ountry by ompensating it for the total loss due to a better forest onserva-tion. Indeed, this transfer designs an inentive mehanism ensuring that the forestryountry will respet its engagement regarding a sustainable forest exploitation. Toour knowledge this kind of inentive mehanism has never been used previously inthe sustainable forest management literature.In ontrast with previous studies we do not need to model expliitly the developedommunity's utility funtion whih palliates one of the main ritiisms addressed in



43this literature. Moreover, we onsider di�erent dynamis of the forest stok as weallow the possibility of regeneration of the resoure.The rest of the paper is organized as follows: Setion 2 introdues the model; Se-tion 3 haraterizes the optimal ontrol solutions for the forestry ountry without theintervention of the Northern ommunity, under the �nite and in�nite planning hori-zons; Setion 4 deals with the design of an inentive mehanism that guarantees theappliation of the sustainable forest exploitation at eah time t, and the distributionof the total transfer payment over time; Setion 5 provides a numerial illustration ofour results; Finally, setion 6 onludes.2. The modelThe original model is proposed for the forestry ountry by Ehui et al. (1990) asan alloation problem of forested land between forest ativities and agriultural use.The objetive is to maximize the present value of a utility index U(�), whih measuressoiety's satisfation. The utility index is onavely inreasing in the aggregate bene�t(�), measuring the soietal bene�t from agriulture and forestry. The latter dependsmainly on the forest size, the deforestation rate and the soil's produtivity.A detailed and sophistiated spei�ation of this model is proposed by Van Soestand Lensink (2000), where the utility index is presented as the total net revenuesfrom agriultural and forest use.The revenues from forest ativities are equal at eah time t to the wood produtionq(t) times the prevailing prie of timber P (t): The timber an be extrated usinglearfelling or seletive loggingmethods. Under the �rst method the land is ompletelydeforested and onverted to agriultural use. Assuming that there are n ommerially



44valuable stems per unit of land, the quantity of timber supplied at eah period of timet is then equal to n times the deforestation rate D(t): Under the seletive loggingmethod, only a fration  of timber is extrated and the quantity supplied at eahperiod of time t is equal to  times n multiplied by the size of the forest F (t): Thetotal timber prodution an be desribed as follows1:q (t) = nD (t) + nF (t): (1)For onveniene n is normalized to unity suh that the timber prie P (t) representsthe value of all ommerially valuable timber per unit of land. The (inverse) demandfuntion is assumed, following a long tradition in eonomis literature, linear andgiven by P (t) = �P � �q (t) ; (2)where �P is the maximal market prie obtained when D(t) tends toward zero and � isa positive parameter.The agriultural net revenue depends on the size of the land under ultivationF0 � F (t), where F0 is the initial size of the forest stok; on the agriultural priewhih is �xed to �PA; and on land produtivity Z (t). The latter depends positivelyon the deforestation rate sine burning o� the forest over releases nutrients thatinrease the soil produtivity in the short run. It is dereasing in the umulativedeforestation as, in the long run, soil produtivity falls beause of nutrient depletionand dereases beause the inreasing distane of forest over auses the deeleration1In the original spei�ation of the model by Van Soest and Lensink (2000), the timber supplyunder the seletive method is equal to n (F (t)�D(t)) : As we are working with a dynami modelwe �nd it more onvenient to onsider that the size of the forest at any time is equal to the size ofland not onverted to agriulture use.



45of the soil formation: Z (t) = �Z + �D(t)� � [F0 � F (t)℄ : (3)Combining the revenues from forest exploitation and agriulture ativities thetotal revenue funtion of the South is thusR (t) = P (t) q (t) + �PAZ (t) [F0 � F (t)℄ : (4)This funtion shows learly that there is a trade-o� between deforestation and on-servation of tropial forests.We suppose that the tropial forest evolves aording to the following di�erentialequation typial in a renewable resoure ontext2,_F (t) = �D (t) + rF (t) ; F (0) = F0; (5)where r denotes the natural regeneration rate of the tropial forest.The forestry ountry hoosing the deforestation rate aims at maximizing its streamof revenues disounted at rate �:Z T0 e��tR (t) dt+ e��T�(F (T ));subjet to (1)� (5) ;where funtion � is the salvage value funtion. The time horizon [0; T ℄ may bebounded or unbounded depending on whether T is �nite or in�nite. In the in�nitehorizon ase, the salvage value funtion is identially null.2In the model spei�ed by Van Soest and Lensink (2000), the forest dynamis is typial of a nonrenewable resoure with _F (t) = �D (t) :



46This dynami optimization problem belongs to the well known linear-quadratilass. Indeed, the motion equation of the state variable, the forest stok, is linearand the objetive funtion is quadrati in both the state and ontrol variables. Thetotal revenue funtion of the South an be expressed as:R (t) = �a1F (t)2 + a2F (t)� a3D (t)2 + a4D (t)� a5D (t)F (t) + a6;where a1 = � �PA + �2; a2 =  �P + �PA �2�F0 � �Z� ; a3 = �;a4 = �P + � �PAF0; a5 = 2� + � �PA; a6 = �PAF0 � �Z � �F0� : (6)This funtional form shows how the forest stok and the deforestation rate a�etthe instantaneous revenues. a1 > 0 (respetively a5 > 0) reet the derease in theforest marginal revenues when the forest stok (respetively the deforestation) rateinreases. a3 > 0 (respetively a5 > 0) reet the derease in the marginal revenuesof deforestation when the deforestation rate (respetively the forest stok) inreases.3. Forest exploitation under �nite and in�nite plan-ning horizonsIn this setion we derive optimal forest exploitation by the South assuming in turn�nite and in�nite horizons. We make the onjeture that the short-run (�nite-horizon) optimization leads to an over extration as the forestry ountry does nottake into aount the long-run impats of its ations. For this reason, we onsideras a ounterpart the optimization problem with an in�nite horizon, whih leads inthe long-run equilibrium to a sustainable exploitation with _F (t) = 0, implying that



47the deforestation rate at equilibrium in the long-run will be equal to the naturalregeneration of the forest.Our objetive is to indue the forestry ountry to hoose a sustainable deforesta-tion rate while optimizing in the short-run (or �nite horizon). In a �rst step we derivethe solutions of the optimization problems with �nite and in�nite time horizons. Af-terwards, in the next setion, we will design the neessary inentive strategies thatan be used by a seond party, whih ould be the Northern ommunity as addressedin the previous literature, that will enfore the sustainable forest exploitation in theforestry ountry.3.1 In�nite HorizonThe optimization problem in the in�nite horizon ase reads as followsmaxfD(t)g Z 10 e��tR (t) dt;subjet to (1)� (5) :The following proposition provides the optimal solution to the South problemwhen an in�nite planning horizon is onsidered. The supersript s stands for sustainablesolution.Proposition 1 Under the onditions2a1 � 2a3r (�� r)� a5 (�� 2r) > 0; (7)and a2 + a4 (r � �) > 0; a4 (2a1 + ra5)� a2 (a5 + 2ra3) > 0: (8)



48The optimal ontrol, state and ostate variables in the in�nite horizon senario whihleads to a forest stok path onverging in the long-run to the steady-state, F �, aregiven by: F s (t) = F � + (F0 � F �) e(���) t2 ; (9)�s (t) = �� + (F0 � F �) (a3 (�� 2r ��)� a5) e(���) t2 ;Ds(t) = rF � � 12 (���� 2r) (F0 � F �) e(���) t2 ; (10)where F � and �� represent, respetively, the long-run equilibrium or steady-state ofthe forest size and its shadow value, given by the following expressions:F � = a2 + a4 (r � �)2a1 � 2a3r (�� r)� a5 (�� 2r) ; (11)�� = �a2 (a5 + 2ra3) + a4 (ra5 + 2a1)2a1 � 2a3r (�� r)� a5 (�� 2r) ; (12)and � =q4a1+(��2r)[(��2r)a3�2a5℄a3 .The maximized net revenue per period of time is given byRs(t) = A1e(���)t + A2e(���) t2 + A3;where onstants Ai for i = 1; 2; 3 are given in the Appendix.Proof. The urrent value Hamiltonian assoiated with the problem desribedabove is3H (D;F; �) = R (D;F ) + � _F= �a1F 2 + a2F � a3D2 + a4D � a5DF + a6 + � (�D + rF ) ;where � is the ostate variable assoiated with the forest stok F .3For the rest of the paper, the time argument is omitted when no onfusion an arise.



49An interior solution must satisfy the �rst order optimal onditions given byHD = �2a3D � a5F � �+ a4 = 0; (13)_F = H� = �D + rF ; F (0) = F0; (14)_� = ���HF = 2a1F + a5D + (�� r)�� a2; (15)together with the transversality ondition limt!1 e��t� (t)F (t) = 0:Sine HDD = �2a3 < 0 the above onditions are also suÆient for this maximiza-tion problem.Replaing the parameters a3; a4 and a5 by their original values in terms of themodel's parameters as de�ned in (6), and taking into aount equation (1) after fewmanipulations we an rewrite ondition (13) as:� = �P � 2�q + � �PA (F0 � F ) :The seond ondition (14) simply desribes the dynamis of the forest, dereasingat the deforestation rate D; redued by the natural regeneration of the forest.From equation (13) we an also extrat the expression of D as a funtion of thestate variable F and its shadow value �:D = � 12a3 (�� a4 + a5F ) : (16)Replaing the latter in (14) and (15) we get the following system of di�erentialequations: _F = � a52a3 + r�F + 12a3�� a42a3 ; F (0) = F0;_� = �2a1 � 12a3a25�F + ��� r � a52a3��+ a4a52a3 � a2:



50Solving this dynami system taking into aount the transversality ondition limt!1 e��t� (t) ;F (t) = 0, we have:F s (t) = F � + (F0 � F �) e(���) t2 ;�s (t) = �� + (F0 � F �) (a3 (�� 2r ��)� a5) e(���) t2 ;where F � and �� represent respetively the long run equilibrium or steady state ofthe forest size and its shadow value whih expressions are given in the statement ofthe proposition.Substituting F and � by their optimal values F s and �s in (16) we then get theoptimal path of the deforestation rate:Ds(t) = � 12a3 (�� + a5F � � a4) + 4a1 � a5 (�� 2r + �)2 (a3 (�� 2r + �)� a5) (F0 � F �) e(���) t2 ;whih after some manipulations an be rewritten as in (10).In order to have the optimal forest stok path onverging to the steady-state F �we need to impose that � � � < 0. This ondition is satis�ed if and only if thefollowing inequality applies:2a1 � 2a3r (�� r)� a5 (�� 2r) > 0:This ondition guarantees that the term inside the square root in � is always positive.Moreover, under this ondition the steady-state values of the forest size and its shadowvalue are positive if the following onditions are satis�ed:a2 + a4 (r � �) > 0; a4 (2a1 + ra5)� a2 (a5 + 2ra3) > 0:Replaing the deforestation and the forest stok by their optimal paths, Ds andF s, in the objetive funtion, the net revenues from forest exploitation and agriulture



51use an be written as Rs(t) = A1e(���)t + A2e(���) t2 + A3;where onstants Ai for i = 1; 2; 3 are given in the Appendix.Of interest is the interpretation of the ostate variable� = �P � 2�q + � �PA (F0 � F ) :The above expression means that the optimal deforestation rate at eah time t shouldbe suh that the marginal ost of deforestation (measured by the urrent shadow valueof the forest) equals the net marginal bene�t (the sum of the marginal inome fromselling the timber �P � 2�q and the additional agriulture revenue � �PA (F0 � F )).To interpret the variation over time of �, we replae in (15) the parameters ai(i = 1; 2; 5) by their original values given in (6), to obtain, after some arrangements,_� = (�� r)��  � �P � 2�q�+ �PA � �Z + �D � 2� (F0 � F )� :This ondition indiates that the shadow value of the forest inreases or dereases atrate ��r, depending on the sign of ��r, redued by the net bene�ts of onserving anadditional unit of land. The latter is equal to the diret marginal revenues of logging itminus the opportunity ost, whih is equal to the indiret marginal agriulture revenuethat ould be earned from onserving this unit of land whih indiretly enhanesagriultural yield through the produtivity e�et.From now on we assume that � � r < 0, whih guarantees the ful�llment of (7)and the �rst inequality in (8). The values of the model's parameters are onsideredsuh that the seond inequality in (8) is satis�ed.



52The asymptotially stable trajetory for the forest stok inreases or dereasestowards its steady-state depending on the initial size of the forest. Under ondition� � r < 0, it is easy to see that the onvergene of the forest shadow value to itssteady-state presents the opposite behavior. That is, if the forest stok inreases itsshadow value dereases and vie versa.The steady-state of the forest stok equation (11) an also be written asF � =  �P + � �P + �F0PA� (r � �) + �PA �2�F0 � �Z�2� �PA + 2�2 � 2r� (�� r)� (�� 2r) �2� + � �PA�= F0 � �PA � �Z + �rF0�� (r � �+ ) � �P � 2 (r + ) �F0�2� �PA + 2�2 � 2r� (�� r)� (�� 2r) �2� + � �PA� :If ��r < 0; the denominator of the seond term in the right hand side is positive.The forest size will be dereasing (F � < F0) if and only if the numerator is alsopositive. The omparative statis shows that a higher forestry revenues indued by arelative inrease in the timber prie leads to a higher steady-state of the forest stok.This tallies with the orresponding result in Ehui et al. (1990). An inrease in theland produtivity has a negative e�et on the steady-state level of the forest size. Thee�et of a relative inrease in agriulture prie is however undetermined and so is thee�et of the disount rate.3.2 Finite HorizonIn a �nite-horizon optimization problem, it is ustomary to add a salvage value toaknowledge that, although the planning horizon is short, something will still happenafter the terminal date. Put di�erently, the salvage value represents the payo�-to-gostarting at T . We shall assume for simpliity that this salvage value is linear in thestok of tropial forest, i.e., � (F (T )) = �F (T ) : Clearly this is an approximation



53sine, in the language of dynami programming, the value funtion whih measurespreisely the payo�-to-go of the problem is not linear. A drasti ase ours when �is taken equal to zero, whih would orrespond to an after-me-the-deluge poliy anda omplete depletion of the tropial forest.The optimization problem to be solved is given bymaxfD(t)g Z T0 e��tR (t) dt+ e��T�F (T ) ;subjet to (1)� (5) :The following proposition provides the optimal solution to this problem where thesupersript T stands for bounded �nite horizon senario, with terminal time T .Proposition 2 Assuming an interior solution, the short-run optimal ontrol, stateand ostate variables are given byF T (t)=F �+a3 (�+��2r)�a5a25�4a1a3 C1e(���) t2+(��2r��)a3�a5a25�4a1a3 C2e(�+�) t2 ; (17)�T (t)=�� + C1e(���) t2 + C2e(�+�) t2 ; (18)DT (t)= 12a3 (a4����a5F �)+ [(�+��2r)a5�4a1℄C12(a25�4a1a3) e(���) t2 + (19)[4a1 � (��2r��)a5℄C22(a25�4a1a3) e(�+�) t2 :The maximized net revenue per period t is given byRT (t) = B1et� +B2et(�+�) +B3e(�+�) t2 +B4e(���)t +B5e(���) t2 +B6:Constants C1; C2 and Bi; i = 1; : : : ; 6 are given in the Appendix.Proof. The �rst order optimal onditions are given by (13)-(15) together withthe transversality ondition � (T ) = �.



54Following the same reasoning as in the in�nite horizon senario the optimal solu-tions desribed in the proposition above an be derived.Inserting the optimal time paths for the ontrol and state variables, DT and F T ,in the objetive funtion gives the optimal revenue RT :The results in the above proposition are intuitive. Indeed, it is readily seenfrom the optimal onditions that the deforestation poliy satis�es the familiar ruleof marginal revenue from deforestation being equal to its marginal ost, as in thein�nite horizon maximization problem. The interpretation of the results stays thesame, exept that in the �nite problem the forest stok path does not onverge to thelong-run equilibrium where the forest exploitation is sustainable.4. Inentive strategiesAn assumption in our framework is that the North or donor ommunity is willing toompensate the forestry ountry for the loss in welfare it would inur when followingthe sustainable strategy for as long as it has the insurane that the South will indeedimplement the desired onservation poliy. To design an inentive mehanism whihallows to ahieve our objetive, we use the following algorithm:1. We �rst determine the total amount of the transfer by omputing the di�erenebetween the South's payo� under the short-run and long-run (sustainable) se-narios. Given that the support program is assumed to be in plae over theinterval [0; T ℄, an assumption must be made on how the South would value theforest stok at T . We assume that it uses the same salvage funtion as in theshort-run horizon and thus the total amount to be transferred from the North



55to the South is given byJT � Js = Z T0 e��t �RT (t)� Rs (t)� dt+ e��T� �F T (T )� F s (T )� :Note that the above quantity is interpreted as a minimal requirement to induethe South to hoose the sustainable onservation poliy.2. We seond assume that the North distribute the total amount over time asan inentive mehanism, that is by letting, as in Van Soest & Lensink (2000)and Fredj et al. (2004), the instantaneous transfer be dependent on both thedeforestation rate and the forest stok, i.e.,SI (t) = S (D;F ) ; (20)where the supersript I stands for Inentive mehanism. We assume thatS(D;F ) is inreasing in F and dereasing in D.Remark 3 There are many options to de�ne the instantaneous transfer. In-deed, any time-funtion S(t) satisfying the requirement that the sum of dis-ounted stream of transfers equals the total amount, i.e.,Z T0 e��tS(t)dt = JT � Js; (21)is a priory a andidate. To illustrate, S(t) an be taken as the di�erene ininstantaneous revenues, redued by the present value of the average di�erenein the forest salvage value at the end of the horizon, i.e.,S (t) = �RT (t)� Rs(t)�+ e��(T�t)� �F T (T )� F s (T )�T ;



56Another option is to have a onstant transfer over time:�S = �1� e��T �JT � Js� ; 8t 2 [0; T ℄ :Although the above two transfers satisfy (21), they do not guarantee that theSouth will indeed implement the desired sustainable strategy. That is why atransfer program must depend on the deforestation e�ort and eventually on thesize of the forest is needed.3. We last deal with the determination of a funtional form and the parameters'values for the inentive mehanism. Our approah is to rede�ne the optimizationproblem of the South whih inludes now the transfers and obtain its deforesta-tion strategy as a best response to S(D;F ) whih an be spei�ed afterwards.The new optimization problem of the South whih inludes now the transfer ismaxfD(t)g Z T0 e��t (R (t) + S(D;F ))dt + e��T�F (T ) ;subjet to (1)� (5) :We now implement our algorithm. The next proposition provides the di�erenein welfare between the two senarios.Proposition 4 The di�erene between the forestry ountry's welfare for the �niteand in�nite planning time horizons is given by:JT�Js=TB1+B2� �e�T�1�+ 2B3��� �e�(���) T2 �1��M1� �e��T�1��2M2�+� �e�(�+�)T2 �1�+� �(��2r��)a3�a5a25�4a1a3 C2e�(���)T2+� [a3 (�+��2r)�a5℄C1a25�4a1a3 �(F0�F �)� e�(�+�)T2 � ; (22)where onstants M1 and M2 are given in the Appendix.



57Proof. The forestry ountry's welfare for the period [0; T ℄ ; under the optimalpoliies of forest exploitation assoiated to the �nite and in�nite horizon senariosare respetivelyJT = Z T0 e��tRT (t) dt+ e��T�F T (T ) ; Js = Z T0 e��tRs (t) dt+ e��T�F s (T ) :Therefore, the di�erene is given by:JT � Js = Z T0 e��t �RT (t)� Rs (t)� dt+ e��T� �F T (T )� F s (T )� :After some easy omputations, the following expression has been derived:RT (t)�Rs(t) = B1et� +B2et(�+�) +B3e(�+�) t2 +M1e(���)t +M2e(���) t2 ; (23)where onstants Bi; i = 1; : : : 3 and Mj; j = 1; 2 are given in the Appendix.The di�erene between the size of the forest stok at time T under the �nite andin�nite time horizon senarios is:F T (T )� F s (T ) = � [a3 (� + �� 2r)� a5℄C1a25 � 4a1a3 � (F0 � F �)� e(���)T2 +[a3(�� 2r ��)� a5℄C2a25 � 4a1a3 e(�+�)T2 :Thus, the integration of the di�erene in (23) over the time interval [0; T ℄ and theaddition of the term e��T� �F T (T )� F s (T )� leads to the expression in (22).The next proposition haraterizes the solution of the new optimization problemof the South, i.e., the one inluding the transfers as revenues.Proposition 5 Assuming interior solutions, the optimal ontrol, state and ostatevariables of the optimization problem when the forestry ountry reeives a transfer



58funtion as in (20) satisfy:DI = 12a3 � �S�D (DI; F I)� a5F I � �I + a4� ; (24)_F I = �DI + rF I; F I (0) = F0; (25)_�I = a5DI + 2a1F I + (�� r)�I � �S�F (DI; F I)� a2; �I (T ) = �: (26)Proof. The present value of the Hamiltonian assoiated with the new optimiza-tion problem is given by:HI = �a1F 2 + a2F � a3D2 + a4D � a5DF + S (D;F ) + �I(�D + rF ) + �S + a6;where �I denotes the new ostate variable assoiated with the forest stok.Assuming interior solution the neessary onditions of the Maximum Priniple ofPontryagin that guarantee the maximization of the new disounted stream of revenuesare given by (24)-(26).The inentive mehanism whih guarantees the implementation of the sustain-able exploitation path is suh that F s, the forest stok path for the in�nite horizonoptimization problem, given in (9), is the solution of the system (24)-(26).The funtional form of the transfer does not really matter for as long as it ful�llsits objetive of ensuring implementability of the sustainable strategy. Therefore,easiness of omputation beomes an important argument in hoosing this form. Ifwe take S(F;D) linear, i.e.,S (D;F ) = v (t)F (t)� w (t)D (t) ; (27)where v(t) and w(t) are nonnegative funtions, then the dynami system (25)-(26)an be expressed, one the expression of D in (24) has been inluded, as a linear



59system in F and �. The latter an be expressed in matrix form as follows:24 _F_� 35 = AI (t)24 F� 35 +BI (t) ; (28)with boundary onditions F (0) = F0 and � (T ) = �; (29)where both the matrix AI (t) and the vetor BI (t) depend on the spei�ation andparameters of S (D;F ). To have as optimal path for the state variable the sustainablesolution, we impose thatF I (t) = F s (t) = F � + (F0 � F �) e(���) t2 ; 8t 2 [0; T ℄;where F I(t) denotes the forest stok path obtained as a solution of system (28).The following proposition shows the existene of positive oeÆients of F (t) andD(t) in the transfer funtion.Proposition 6 There exist positive funtions v(t) and w(t) in [0; T ℄ whih indue theforestry ountry to hoose in the short-run a deforestation rate leading to a sustainableforest path.Proof. Our aim is to prove the existene of funtions v(t) and w(t), suh thatv(t) � 0; w(t) � 0; 8t 2 [0; T ℄;and implying that the sustainable deforestation path Ds(t) solves the following opti-mal ontrol problem:maxD(t) Z T0 e��t[R(D(t); F (t)) + v(t)F (t)� w(t)D(t)℄ dt+ e��T�F (T );s.t.: _F (t) = �D(t) + rF (t); F (0) = F0;Z T0 e��t[v(t)F (t)� w(t)D(t)℄ dt = JT � Js:



60The isoperimetri onstraint an be written equivalently as:_z (t) = e��t[v(t)F (t)� w(t)D(t)℄; z (0) = 0; z (T ) = JT � Js; (30)where _z (t) represents the transfer rate at t and z (t) is the umulative transfer fromthe start of the program till time t.The urrent value Hamiltonian assoiated with the problem desribed above isHI=�a1F 2+a2F�a3D2+a4D�a5DF+a6+vF�wD+�I(�D+rF )+�(vF�wD);where �I ; � denote the new ostate variables assoiated with the forest stok and thetransfer onstraint (30), respetively.Assuming interior solution, the neessary onditions of the Maximum Priniplethat guarantee the maximization of the new stream of revenues are given by:DI = 12a3 �a4 � a5F I � �I � w(1 + �)� ;_F I = �DI + rF I ; F I (0) = F0;_�I = a5DI + 2a1F I + (�� r)�I � v(1 + �)� a2; �I (T ) = �;_z = = e��t(vF I � wDI); z(0) = 0; z(T ) = JT � Js; (31)_� = 0:From the last di�erential equation we have that the ostate variable � is onstantalong the time horizon. Let denote this onstant by ��.The inentive mehanism guaranteeing the implementation of the sustainable ex-ploitation path is suh that Ds and F s, the deforestation and forest stok paths forthe in�nite horizon optimization problem, given in (10) and (9), satisfy the optimalityonditions above.



61From DI(t) = Ds(t)8t 2 [0; T ℄ we derive:w(t)(1 + ��) = �s(t)� �I(t) 8t 2 [0; T ℄: (32)Subtrating the di�erential equations that desribe the time evolution of theostate variables we have:_�s(t)� _�I(t) = (�� r)(�s(t)� �I(t)) + v(t)(1 + ��):Di�erentiating with respet to time in (32) and replaing the expression of _�s(t)�_�I(t) , we have: _w(t)(1 + ��) = (�� r)w(t)(1 + ��) + v(t)(1 + ��):Let assume that 1 + �� 6= 0, then the last di�erential equation reads4:_w(t) = (�� r)w(t) + v(t): (33)Equation (33) gives v(t) = _w(t) � (� � r)w(t). Substituting this expression inthe di�erential equation (31), where F I and DI have been replaed by F s and Ds,4Note that if 1 + �� = 0, equation (32) implies:�s(t) = �I(t) 8t 2 [0; T ℄:Furthermore, the oeÆient funtions v(t); w(t) of the transfer funtion do not appear in the opti-mality onditions. Therefore, the donor ommunity annot selet these funtions in order to induethe forestry ountry to follow a sustainable exploitation of the forest. The donor ommunity attainsits objetive only if �s(T ) = �.



62respetively, we have:_z(t) = e��t[( _w(t)� (�� r)w(t))F s(t)� w(t)Ds(t)℄= e��t _w(t)F s(t)� e��t�F s(t)w(t) + e��trF s(t)w(t)� e��tw(t)Ds(t)= e��t _w(t)F s(t)� e��t�F s(t)w(t) + e��tw(t) _F s(t)= e��t _w(t)F s(t) + w(t) ddt(e��tF s(t))= ddt [w(t)e��tF s(t)℄:Therefore, z(t) = w(t)e��tF s(t) + k1;where k1 is a onstant. The initial ondition z(0) = 0 �xes the value of onstantk1 = �w(0)F0, and then, z(t) = w(t)e��tF s(t)� w(0)F0:The �nal ondition z(T ) = JT � Js leads to the following relationship:w(T )e��tF s(T )� w(0)F0 = JT � Js: (34)From (32) we obtain: w(T ) = �s(T )� �I(T )1 + �� = �s(T )� �1 + �� : (35)Replaing this expression in (34) we derive:w(0) = 1F0 �Js � JT + �s(T )� �1 + �� e��TF s(T )� : (36)Therefore, we have to solve the di�erential equation (33) taking into aount theinitial and �nal onditions given in (36) and (35). Let us note that both onditions



63depend on the value of the parameter ��. To show this dependene let denote theinitial and �nal onditions by w0(��); wT (��).The solution of the di�erential equation (33) satisfying the initial ondition isgiven by: w(t) = w0(��)e(��r)t + Z t0 e(��r)(t�s)v(s) ds: (37)The �nal ondition implies the following relationship:wT (��) = w0(��)e(��r)T + Z T0 e(��r)(T�s)v(s) ds:From this expression we get the value of parameter �� whih satis�es:1 + �� = (�s(T )� �)(F0 � F s(T )e�rT )(Js � JT )e(��r)T + F0 R T0 e(��r)(T�s)v(s) ds; (38)where funtion v(t) has to be seleted suh that the denominator of the expressionabove is not null.From (37) it is straightforward to onlude that for any seletion of v(t) positive,if the initial ondition w0(��) is non-negative, then w(t) � 08t 2 [0; T ℄.From (36) one has that w0(��) is non-negative if and only ifJs � JT + �s(T )� �1 + �� e��TF s(T ) � 0: (39)Inequality (39) one the expression of 1+ �� given in (38) has been replaed estab-lishes one onstraint for the hoie of funtion v(t). This funtion has to be seletedsuh that the following expressions have the same sign:F0 � F s(T )e�rT ; Js � JT + e��TF s(T ) Z T0 e(��r)(T�s)v(s) ds:The di�erential equation (26) an be rewritten as:_�I(t) = (�� r)�I(t) +H(t; ��); �I(T ) = �;



64where H(t; ��) = 2a1F s(t)� a2 + a5Ds(t)� v(t)(1 + ��):The solution of this initial value problem is given by:�I(t) = �e�(��r)(T�t) � Z Tt e�(��r)(s�t)H(s; ��) ds:The proposition shows that one an design a transfer funtion suh that theforestry ountry would follow in the short term the sustainable deforestation pol-iy. Note that we do not onstrain the transfer S(D;F ) to be nonnegative at eahinstant of time. In the next example, S(D;F ) is positive for all t.5. Numerial IllustrationTo have a better insight into the results (deforestation strategies, transfers, et.),we provide a numerial illustration. The value of the parameters, whih are mostlyinspired from Van Soest and Lensink (2000), are the following:�P = 45000; �PA = 150; �Z = 60; F0 = 2000; � = 20;  = 0:15;� = 0:1; � = 0:1;� = 0:1; r = 0:2; � = 17000; T = 5:The steady-state values for deforestation, forest stok and shadow prie of theforest are: D� = 343:42; F � = 1717:10; and �� = 25204; :The time paths of the forest stok, the deforestation rate and the shadow prie in



65the di�erent senarios are given by:F s(t) = F I(t) = F � + 282:89e�0:93t;F T (t) = F � + 286:84e�0:93t � 3:94e1:03t;Ds(t) = DI(t) = D� + 318:53e�0:93t;DT (t) = D� � 322:97e�0:93t + 3:26e1:03t;�s(t) = �� � 18682e�0:93t;�T (t) = �� � 18942e�0:93t � 47:45e1:03t;�I(t) = [24:431 �1� e�0:1(5�t)�+ 18:7e�0:1t �0:02� e�0:83t)�℄� 103Figures (1) to (3) show these time paths. In all the �gures ontinuous line or-responds to the sustainable senario, while the dash line denotes the �nite horizonsenario. These �gures allow the following omments:
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Figure 1: Forest stok time paths� In the sustainable senario, the forest stok and the deforestation rate time pathsderease overtime towards their steady-state values (see �gures (1) and (2)).In the �nite horizon senario, the forestry ountry aelerates deforestation as



66the end of horizon approahes. Consequently, forest stok dereases sharplyovertime. This result is expeted in a �nite-horizon optimization problem andjusti�es the idea of implementing an inentive poliy to slow down deforestation.
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Figure 2: Deforestation time paths� Figure (3) indiates that the shadow prie of the forest stok is always inreasingin both the sustainable and inentive senarios. This is intuitive; as the foreststok dereases over time, the value of an additional unit of forest inreases.Although the forest stok is also dereasing in the �nite horizon senario, itsshadow prie is not monotone. It is inreasing in the beginning and dereasingon a �nal time interval. This last portion an be, again, explained by an endof horizon argument.The revenues paths are as follows:Rs(t) = [�5:15e�1:85t + 7:32e�0:93t + 22:62℄� 106:RT (t) = �29:93e0:1t � 207:42e2:05t + 91997e1:03t +[�5:30e�1:85t + 7:42e�0:93t + 22:62℄� 106;RI(t) = Rs(t) + S(Ds(t); F s(t)):
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Figure 3: Shadow prie time pathsIt is easy to see that RT (t) > Rs(t); 8t 2 [0; T ℄. The total loss for the Southif it applies the sustainable deforestation poliy over the time interval is given byJT � Js = 1:40 � 106. This total amount has to be ompensated for by the Northby a stream of transfers given byS(D;F ) = v (t)F (t)� w (t)D (t) :The last proposition showed that the above funtion an be onstruted by �rst �xingv(t) and next determining w(t). To illustrate, let us onsider a onstant spei�ationfor funtion v(t) = �v = 500: It is easy to hek that w(t) would be given byw(t) = �4522:8e�0:1t + 5000;and that it is positive for all t. The time path for the transfer funtion readsS(t)=[�8:58� 14:5e�0:93t + 15:5e�0:1t + 14:4e�1:03t℄� 105:The evolution of the transfers overtime is given by_S(t)=[13:49e�0:93t � 1:55e�0:1t � 14:83e�1:03t℄� 105;



68whih is negative. Thus the inentive poliy in this example is to start supportingthe South at a high level and dereasing it overtime (see �gure (4)).
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Figure 4: Transfers time path
6. ConlusionUsing a detailed model showing the trade-o� between the agriulture and forestryativities (deforestation and agriulture produtivity), we showed that the interna-tional ommunity an enourage the forestry ountries to partiipate in a programaiming at a better forest onservation while ompensating it for the revenue loss itan bear from doing so. We also showed that by using inentive transfer mehanisms,the donor ommunity or North an enfore a sustainable forest exploitation in theshort-run.For further researh, we an onsider e�orts to regenerate the forest. This wouldrequire a model inorporating a lag struture to handle orretly the link betweenreplanting trees and later prodution of the resoure. The North ould also ontribute�nanially to suh a program in a prinipal-agent setting.



69Appendix� Constants Ai; i = 1; 2; 3 in Proposition 1.A1 = �(F0�F �)2 (4a1+(2a5+a3 (2r+���)) (2r+���))4 ;A2 = (F0�F �) (F � (a25�4a1a3)+�� (a5+a3 (2r+���))+2a2a3�a4a5)2a3 ;A3 = (a4�a5F ����) (a4�a5F �+��)+4a3 ��a1(F �)2+a2F �+a6�4a3 :� Constants Ci; i = 1; 2 and Bj; j = 1; : : : ; 6 in Proposition 2.C1 = (�� ��) ((2r � � +�)a3 + a5)� (a25 � 4a1a3) (F � � F0) e(�+�)T2(a3 (� + 2r � �) + a5) e(���) T2 + (a3 (�� 2r + �)� a5) e(�+�)T2 ;C2 = (a3 (�� 2r + �)� a5) (�� ��) + (a25 � 4a1a3) (F � � F0) e(���)T2(a3 (� + 2r � �) + a5) e(���)T2 + (a3 (�� 2r + �)� a5) e(�+�) T2 ;B1=�C2 �a3a25�2C2+2C1 (a25�4a1a3) ��4a1+2a5 (�2r+�)+a3 ��2�(2r��)2���4 (a25�4a1a3)2 ;B2=C22 (a3a25�2+(a25�4a1a3) (2 (a5+2a1)+a3 (2r+���)) (2r+���))4 (a25 � 4a1a3)2 ;B3=�C2 ((a25�4a1a3)�� + (2a2a3�a4a5+(a25�4a1a3)F �) (a5+a3 (�+2r��)))2a3 (a25�4a1a3) ;B4=C21 (4a1+(2a5+a3 (2r����)) (2r����))4 (a25 � 4a1a3) ;B5=�C1 ((a25�4a1a3)�� + (2a2a3�a4a5+(a25�4a1a3)F �) (a5+a3 (2r����)))2a3 (a25�4a1a3) ;B6 = A3:� Constants Mi; i = 1; 2 in Proposition 3.
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M1 = C21 (4a1 + (2a5 + a3 (2r ��� �)) (2r ��� �))4 (a25 � 4a1a3) +(F0 � F �)2 (4a1 + (2a5 + a3 (2r +�� �)) (2r +�� �))4 ;M2=�C1 ((a25�4a1a3)�� + (2a2a3�a4a5�(4a1a3�a25)F �) (a5+a3 (2r����)))2a3 (a25�4a1a3) �(F0�F �) (F � (a25�4a1a3)+�� (a5+a3 (2r+���))+2a2a3�a4a5)2a3 :
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ESSAY 3Charateristi Funtions, CoalitionsStability and Free-riding in a Game ofPollution Control



721. IntrodutionThe all for international ooperation is motivated mainly by environmental andeonomi eÆieny to deal with global warming. The environmental eÆieny isrelated to the number of ountries that are ommitted to redue their emission levels.The larger this number is, the more important will the greenhouse abatement beand the easier will the stabilization of the onentration level of these gases be. Onthe other hand, the eonomi eÆieny is a result of the involvement of a very largegeographial area in the emission abatement agreement, whih enables us to applythe measures of redution where it osts less. Consequently, the larger will theooperation be between di�erent nations, the lower will be the ost of the greenhouseabatement.In reality, however, at an individual level, the ountries may have di�erent inen-tives from the global ones. In fat, even if a large ooperation an be more eÆient,any ountry an be tempted to bene�t from the environmental improvement aom-plished by the existing ooperation without bearing any ost itself. This is one ofthe most ommon problems that an blok international ooperation, whih has beenaddressed in the game theory literature as the Free-riding problem.For instane, in the game theory literature, the design of an International En-vironmental Agreement (IEA), that is a mehanism alloating to eah ountry aolletively suitable emissions poliy supported possibly by a monetary transfer, hasbeen addressed following two lines of thought.The �rst one adopts ooperative game theory as the analytial framework. Thealloation problem is solved following a two-step methodology. First, one omputesthe Pareto-optimal emission levels and seond, one uses a solution onept based on



73ooperative game theory (e.g., Shapley value, ore, et.) to alloate to eah playerhis share of the total optimized ooperative payo�. The remaining issue, is to �ndthe right alloation funtion that guarantees the stability of the formed solution inthe ore sense. (See for instane Bahn et al. (1998), Chander and Tulkens (1992),Currarini and Tulkens (1998), Eykmans and Tulkens (1999), Filar and Gaertner(1997), Gaertner (2001), Germain et al. (1998), J�rgensen and Zaour (2000, 2001),Kaitala et al. (1995) and Petrosjan and Zaour (2000, 2003)). In this approah,the stability of the oalition is passive in the sense that the number of partiipatingountries is exogenous. In other words, this approah supposes the existene of alarge number of ountries that are predisposed to sign the agreement, of whih thenomination of grand oalition approah.A seond line of researh, exempli�ed by, e.g., Barrett (1990, 1992, 1994-b) andCarraro and Sinisalo (1993), sees the problem of designing (or signing) an IEA fromthe perspetive of oalitions stability, a onept due to d'Aspremont and Gabzewiz(1986) whih has its root in the artel problem in industrial organization literature.The stability of an IEA is ensured by two tests: the �rst one intends to see if it isin the interest of an already formed group of signatories to enlarge the IEA to newmembers (entry test); the seond intends to hek if it is in the interest of a player toremain in the oalition (exit test). The general message arried out in this literatureis that only a small number of ountries will end up signing an IEA (irrespetive of thetotal number of ountries), i.e., only a small stable oalition an emerge. It is worthnotiing that this literature shows also that the introdution of monetary transfersdoes not help in enlarging the number of signatories of an IEA. This approah is alsoknown as the small oalition approah.



74In the environmental games, the debate about the possibility to deter free-ridingand guarantee the stability of a large oalition is not losed yet. Some of the relatedwork in this �eld are those by Barret (1990, 1992, 1994-b), Chander and Tulkens(1995, 1997), Blak et al. (1993), Carraro and sinisalo (1993), Eykmans (2001),Helm (2001).In a reent essay, Tulkens (1998) disussed and ontrasted the premises on whihthe two approahes rest. He also raised the question if it is ever possible to reonilethem. He onluded his essay on a positive note saying that the harateristifuntion, a orner stone of ooperative game theory, may be the tool that will permitto ahieve this.This essay does two things: �rst, it disusses di�erent de�nitions of the hara-teristi funtion of a ooperative game for the alloation of ountries' welfare shareswhen signing an IEA; and seond, it addresses the issue of reoniliation raised byTulkens (1998). These issues are important from both modeling and empirial pointsof view. Indeed, there is no unique way to de�ne the harateristi funtion of a o-operative game and therefore it is of interest to disuss the di�erent options availableand their impat on the �nal alloation result. Further, if a ooperative game ap-proah is intended to presribe environmental poliies and ost sharing mehanisms,then it has to be redible in the sense that these poliies and mehanisms need tosatisfy a ertain number of properties, among them deterring free-riding. Our resultsshow that irrespetive of the de�nition adopted for the harateristi funtion of theooperative game, one annot deter free-riding in the sense of the stable oalitiononept. As a onsequene, we argue that it is not at reah to reonile the twoapproahes (ooperative games and stable oalitions).



75The rest of the essay is organized as follows: Setion 2 desribes the players, theirstrategies and payo�s. Setion 3 disusses three ways of de�ning the harateristifuntion of a ooperative game aiming at an IEA and states some results. Setion 4deals with the issue of oalitions stability. Setion 5 onludes.2. Players, strategies and payo�sTo keep the emphasis on issues related to the de�nition of the harateristi funtion,we onsider a simple eonomis/environment interations model whih neverthelessaptures one of the main ingredients of the international debate on pollution, namelythat emission by one ountry damages the environment of all players.Let N = f1; � � �ng be the set of players (ountries, regions, et.) involved in anegotiation aiming at an IEA on pollution ontrol. We assume that the prodution ofgoods by player i depends on only one variable input, namely pollution that we denoteby ei. Therefore, we an express the net revenue from prodution (revenue minusprodution ost) as a funtion of emissions only. Let this funtion be denoted byRi(ei). Assume also that emissions by any ountry damage the ommon environment.Eah player then inurs a damage ost denoted Di(Pni=1 ei). We assume that Ri(ei)is onave inreasing and Di(Pni=1 ei) is onvex inreasing. The payo� of player idepends on all players' emissions and is given byWi(e1; � � � ; en) = Ri(ei)�Di( nXi=1 ei): (1)For omputation purposes, we make the further simplifying assumption that revenue



76and damage ost funtions are as followsRi(ei) = biei � 1=2e2iDi( nXi=1 ei) = di nXi=1 eiwhere bi and di are positive onstants. Under this spei�ation, the objetive ofplayer i beomes Wi(e1; � � � en) = biei � 1=2e2i � di nXi=1 ei: (2)The strategy spae of player i is de�ned as [0; bi℄. The interpretation of the lowerbound is obvious and the upper bound orresponds to the optimal pollution levelwhen player i maximizes his payo� without taking into aount his damage ost.3. Charateristi funtionsLet �(N; v;X) be a ooperative game where N = f1; � � �ng is the set of playersinvolved in the negotiation of an IEA, S � N is a oalition, v(S) is the CharateristiFuntion (CF), and X is the set of imputations.The harateristi funtion measures the payo� (or strength) of a oalition. Ob-viously in the ontext of pollution ontrol, a game with externalities, this outomedepends on the ations taken by the players who are not members of this oalition.We shall assume three di�erent types of behavior of left-out-players (LOP) later on.To be attrative, ooperation between individual players or oalitions of players mustreate an added value to them. This an be translated by one of the followingproperties.



77De�nition 1 The funtion v(S) is superadditive, ifv(S [ T ) � v(S) + v(T ); 8S; T � N; S \ T = ;; (3)where v(?) = 0:Superadditivity simply means that when two oalitions join fores, they anahieve at least the same payo� than by ating separately. Note that (3) mustbe satis�ed for all possible oalitions. The following de�nition provides a weakerondition whih states that the worth of the grand oalition must be at least as largeas the worth of the members of any partition of the set N .De�nition 2 The funtion v(S) is ohesive, ifv(N) � MXm=1 v(Tm); for every partition fT1; : : : TMg of N; (4)where v(?) = 0:The de�nition of a ooperative game requires that funtion v(S) satis�es (3) or(4) but does not speify how to ompute v(S). A large part of the essay is preiselydevoted to this issue. Before, we de�ne the last ingredient of a ooperative game.De�nition 3 A vetor x = (x1; ::::; xn) is an imputation if it satis�esxi � v(fig); 8i 2 N; (5)nXi=1 xi = v(N): (6)An imputation is a vetor of players' outomes. Its de�nition refers to individualand group rationality. Individual rationality means that a player will not aept an



78outome whih is not at least equal to what he an get by ating alone as measured byhis harateristi funtion value. Group rationality states that the total ooperativegain, when the grand oalition forms, is shared. From a negotiation perspetive, theset of imputations redues the number of potentially aeptable agreements. This setis seldom a singleton and therefore one needs other properties to predit the �nal issueof the game. This is preisely the objetive pursued by the di�erent solution oneptsof a ooperative game. For instane, the ore selets those imputations whih areundominated and the Shapley value selets one imputation satisfying ertain axioms,among them fairness. The ore may be empty or may ontain many imputations.It is well known that for an imputation to be in the ore it must satisfyxi � v(fig); 8i 2 N; and (7)Xi2S xi � v(S); 8S � N: (8)We now move to the issue of omputation of the harateristi funtion values.The CF aims to assess the strength of oalitions and this strength (strategi fore,payo�, et.) depends, among other things, on the behavior of the left-out-players(LOP). We shall investigate three di�erent assumptions regarding the way LOPreat to the formation of a oalition that exludes them.In the �rst ase, we assume that oalition S plays a nonooperative game againstLOP ating individually. If one denotes by s the number of players belonging to S,then one has a game with n � s + 1 players. The payo�s of oalition S and LOPorrespond to Nash equilibrium outomes. We shall refer to this ase by PNE forPartial Nash Equilibrium.In the seond ase we assume that LOP players form also a oalition and payo�sare then obtained as Nash equilibrium outomes of a nonooperative game between S



79and NnS. The omputation of eah harateristi funtion value involves thereforetwo players. We shall refer to this ase by NE for Nash Equilibrium.Finally, we onsider the ase where left-out-players form a oalition whih maxi-mizes their payo� without taking into aount their damage ost. Ignoring damageost will lead obviously to higher emissions by LOP. We interpret this behavior byLOP as a way of punishing players belonging to S for not inluding them in theoalition. We shall refer to this ase by PB (for Punishing Behavior).We use the following notation in the sequel:W x(S) : maximized payo� of oalition S for x = PNE;NE; PB:W xi (S) : maximized payo� of i 2 S for x = PNE;NE; PB:Y xj (S) : maximized payo� of player j =2 S for x = PNE;NE; PB:Y x(S) =Pj =2S Y xj (S):vx(S) : harateristi funtion value for S for x = PNE;NE; PB:DZ =Pi2Z di; Z � N:BZ =Pi2Z bi; Z � N:Although the assessment of the strength of any oalition S � N may vary withx, the payo� of the grand oalition N must be the same for all x (the set of LOPbeing void in all ases). We assume that the objetive of the grand oalition is tomaximize the sum of welfare of all players. This optimization provides the soughtvetor of optimal emission levels, that is the levels of an IEA, and the total olletivepayo� to be shared. The following Lemma gives the result.Lemma 4 Assuming interior solutions, the international optimal emission levels aregiven by ei = bi �DN ; 8i 2 N; (9)



80and the optimal total payo� is given byW x(N) = 12Xi2N b2i + n2D2N �DNBN ; 8x: (10)Proof. The stritly onave optimization problem of the grand oalition is givenby maxXi2N Wi(e1; � � � ; en) = max nXi=1 (biei � 12e2i )�Xi2N diXi2N ei: (11)It suÆes to di�erentiate with respet to ei to get (9) as unique solution and tosubstitute in (11) to get (10).As it is seen from (9), the optimal international emission strategy presribes toeah player to set his emission level taking into aount the sum of all players marginaldamage osts.3.1 Partial Nash EquilibriumReall that the assumption here is that when oalition S forms, the left-out-playersplay individually. The payo�s are then given as Nash equilibrium outomes in ann� s+1 player-game. In partiular, note that the payo�s W PNEi (fig); i = 1; � � � ; n;are the Nash equilibrium outomes of a fully n-player nonooperative game. Thefollowing proposition summarizes the results.Proposition 5 Charaterization of Partial Nash Equilibrium assuming interior so-lutions(i) Equilibrium emission strategies are given byePNEi = bi �DS; 8i 2 S; (12)ePNEj = bj � dj; 8j 2 NnS: (13)



81(ii) Equilibrium outomes are given byW PNE(S) = 12Xi2S b2i + s2D2S +DS �DNnS � BN� ; (14)Y PNEj (S) = 12(b2j � d2j) + dj �sDS +DNnS � BN� , 8j 2 NnS: (15)Proof. The optimization problems of S and j 2 NnS are as follows:maxXi2S (biei � 12e2i )�Xi2S diXl2N el; (16)max(bjej � 12e2j)� djXl2N el; j 2 NnS: (17)Di�erentiating with respet to emissions and equating to zero leads to the result in (i).Substituting for equilibrium emissions in the objetives of the optimization problemsleads to the result in (ii).This proposition shows that when a oalition forms, eah member sets his emissionstrategy taking into aount the sum of marginal damage osts (DS) of all oalition'smembers. This result arries the same message as the one advoated in the fullyooperative ase but at the level of oalition S. Note that (14) is the total outomeof oalition S. Its division among his members is not an issue for the moment. Theindividual payo� of players outside the oalition an be interpreted as the outomeobtained by a player when he free rides i.e., when he deides to stay out of theoalition. Of interest is this outome when omputed for player i when S = Nnfig.Indeed it assesses the outome of that player when he is the only one to free ride orto play nonooperatively.Although this omputation permits to evaluate the strength of all possible oali-tions under this senario, it remains to be heked if this leads to a well de�nedharateristi funtion.



82Proposition 6 The funtion vPNE(S) = W PNE(S) is superadditive.Proof. We need to show that vPNE(S) satis�es (3). (Note that obviouslyvPNE(;) = 0). Let s and t denote the number of players in respetively oali-tion S and T . To prove that vPNE(S) is superadditive, use (14) to ompute for8S; T � N; S \ T = ;vPNE(S [ T )� vPNE(S)� vPNE(T ) = 12 Xi2S[T b2i + (s+ t)2 D2S[T�DS[TBN + DS[TDNnS[T � 12Xi2S b2i + s2D2S �DSBN +DSDNnS!� 12Xi2T b2i + t2D2T �DTBN +DTDNnT! ;whih after lengthy but straightforward omputations redues tovPNE(S [ T )� vPNE(S)� vPNE(T ) = (s+ t� 2)DSDT + t2D2S + s2D2T ;whih is obviously positive.Given the values of this harateristi funtion, one an use any solution oneptof ooperative games to alloate the grand oalition payo� among the players. In theenvironmental ontext (see, e.g., Germain et al. (1998) and Petrosjan and Zaour(2003)) a partiular attention has been devoted to imputations in the ore sine suhoutomes are stable in the sense that there is no oalition that an blok them. Theore may however be empty. Shematially this ours when intermediate oalitionsare \too strong", i.e., enlarging to the grand oalition does not reate suÆient inre-mental wealth to satisfy all players' appetite. Here the ore is not void. A suÆientondition (Shapley (1972)) for nonemptiness is that the game be onvex, that isv(S [ T ) + v(S \ T ) � v(S) + v(T ); 8S; T � N:



83Proposition 7 The ooperative game with harateristi funtion vPNE(S) is onvex.Proof. For 8S; T � N , lengthy by again straightforward algebrai alulationsgive vPNE(S [ T ) + vPNE(S \ T )� vPNE(S)� vPNE(T )= t2 �D2S �D2S\T�+ s2 �D2T �D2S\T�+(s+ t� 2)DSnS\TDTnS\T + jS \ T j+ 42 D2S\T ;whih is obviously positive.To onlude on this senario, we have established the (expeted) result that aoalition takes into aount the sum of damage osts of its members in its emissionsstrategy, that a suitable harateristi funtion is at hand and that the ore is nonempty.3.2 Nash EquilibriumUnder this senario, the assessment of the strength of a oalition S is obtained asits Nash equilibrium payo� in a nonooperative game between this oalition and itsomplement (NnS). The following proposition summarizes our result.Proposition 8 Charaterization of Nash Equilibrium assuming interior solutions:(i) Equilibrium emission strategies are given byeNEi = bi �DS; 8i 2 S; (18)eNEj = bj �DNnS; 8j 2 NnS: (19)



84(ii) Equilibrium outomes are given byWNE(S) = 12Xi2S b2i + s2D2S +DS �(n� s)DNnS � BN� , (20)Y NE(S) = 12 Xi2NnS b2i + (n� s)2 D2NnS +DNnS (sDS � BN) : (21)Proof. The optimization problems of S and j 2 NnS are as follows:maxXi2S (biei � 12e2i )�Xi2S diXl2N el; (22)max Xj2NnS(bjej � 12e2j)� Xj2NnS djXl2N el . (23)Di�erentiating with respet to emissions and equating to zero leads to the result in (i).Substituting for equilibrium emissions in the objetives of the optimization problemsleads to the result in (ii).The proposition establishes that emissions by any player depend on the sum ofmarginal damage osts of all players belonging to the same oalition. The followingproposition shows that the payo� funtion is not ohesive and therefore not superad-ditive.Proposition 9 The funtion WNE(S) is not ohesive.Proof. To show this, it suÆes to provide a ounter-example. Let the n playersbe idential, that is di = d and bi = b; 8i 2 N . Under this assumption (20) beomesWNE(S) = s2 �b2 + s2d2 � 2ndb+ 2(n� s)2d2� : (24)Consider the partition of the set of players into n singletons. Now use (24) to omputeWNE(fig); that is the payo� of a oalition of one playerWNE(fig) = 12 �b2 + d2 � 2ndb + 2(n� 1)2d2� : (25)



85Compute WNE(N)� nXi=1 WNE(fig) = n2 �b2 + n2d2 � 2ndb��n2 �b2 + d2 � 2ndb + 2(n� 1)2d2� = nd22 ��n2 � 3 + 4n� ;whih is obviously negative for n > 3. Hene the result.Given that the omputation of eah value of WNE(S) involves a game betweentwo oalitions, we shall further speialize the notion of ohesiveness and introduethe followingDe�nition 10 The funtion W (N) is weakly ohesive ifW (N) � W (S) +W (T ); 8S; T � N; S [ T = N; S \ T = ;As it is readily seen from the de�nition, the payo� of the grand oalition is atleast as large as the sum of payo�s of the members of any two omplement subsets ofN . We have the following result.Proposition 11 The funtion WNE(S) is weakly ohesive.Proof. Compute for 8S; T � N suh that S [ T = N and S \ T = ;W PNE (N)�W PNE (S)�W PNE (T ) = n2D2N � s2D2S+(n� s)DSDT � t2D2T � (n� t)DSDT= t2D2S + s2D2T + (s+ t)DSDT ;whih is obviously positive and hene the result.To onlude on this senario, we have the result that every player takes intoaount the sum of damage osts of all members belonging to the same oalition.



86Note however that the payo� funtion W PNE (S) is not ohesive and therefore weannot laim that a proper ooperative game an be de�ned.3.3 Punishing BehaviorThe assumption here is that LOP form an anti-oalition and agree on setting theiremissions levels at their upper bounds. Reall that the latter have been de�ned asthose resulting from the maximization of revenue only (i.e., disregarding damage ost).This behavior is to be interpreted as a punishment by LOP of oalition S for notinluding them in the oalition. There is an obvious link between this approah andthe way the harateristi funtion is omputed by von Neumann and Morgenstern(1944) in their seminal book. Indeed, von Neumann and Morgenstern assumedthat left-out-players form an anti-oalition with the sole objetive of minimizing thepayo� of oalition S. This results in a harateristi funtion value v(S) providingthe minimum guaranteed payo� for that oalition. We retain here the idea of anantagonisti anti-oalition but at what seems to be a redible level. The strategiesand payo�s are given in the following proposition.Proposition 12 Charaterization of Punishing Behavior solution, Assuming inte-rior solutions:(i) Equilibrium emission strategies are given byePBi = bi �DS; 8i 2 S; (26)ePBj = bj; 8j 2 NnS: (27)



87(ii) Equilibrium outomes are given byW PB(S) = 12Xi2S b2i + s2D2S �DSBN , (28)Y PB(S) = 12 Xj2NnS b2j +DNnS (sDS � BN) : (29)Proof. Obviously every left-out-player sets his emission aording to (27). Theoptimization problem oalition S hene beomesmaxXi2S (biei � 12e2i )�Xi2S di0�Xi2S ei + Xj2NnS bj1A :Di�erentiating with respet to ei and equating to zero leads to (26). Straightforwardomputation of the payo�s of S and NnS leads to the result in (ii).The following two propositions show respetively that the funtion vPB(S) =W PB(S) is superadditive and onvex. Note that obviously vPB(;) = 0:Proposition 13 The funtion vPB(S) = W PB(S) is superadditive.Proof. We need to show that vPB(S) satis�es (3). To prove that this funtionis superadditive, use (28) to ompute for 8S; T � N; S \ T = ;vPB(S [ T )� vPB(S)� vPB(T ) = 12 Xi2S[T b2i + (s+ t)2 D2S[T �DS[TBN� 12Xi2S b2i + s2D2S �DSBN!� 12Xi2T b2i + t2D2T �DTBN! :Straightforward manipulations leads tovPB(S [ T )� vPB(S)� vPB(T ) = t2D2S + s2D2T + (s+ t)DSDT > 0:



88Proposition 14 The ooperative game with harateristi funtion vPB(S) is onvex.Proof. Lengthy but still straightforward omputations give for all oalitionsS; T � N vPB(S [ T ) + vPB(S \ T )� vPB(S)� vPB(T ) = t2 �D2S �D2S\T �+s2 �D2T �D2S\T �+ jS \ T j2 D2S\T + (s+ t)DSnS\TDTSnS\T > 0:To onlude on this senario, we have established that a oalition takes into a-ount the sum of damage osts of its members in its emissions strategy and that aonvex harateristi funtion implying a non empty ore is at hand.3.4 Some ComparisonsWe wish here to make some omparisons between emissions levels as well as betweenpayo�s generated under the three senarios onsidered.Proposition 15 Comparisons of total emissions and outomes(i) Total emissions levels TEx; x = PNE;NE; PB for a given oalition S arerelated as follows: TENE(S) < TEPNE(S) < TEPB(S):(ii) Outomes are related as follows:WNE(S) > W PNE(S) > W PB(S):



89Proof. From (12)-(13)-(18)-(19) and (26)-(27) one omputes the total emissionsTEPNE(S) = BN � sDS �DNnS;TENE(S) = BN � sDS � (n� s)DNnS;TEPB(S) = BN � sDS;and hene the result in (i). Straightforward omparisons of (14), (20) and (28) leadto (ii).This proposition shows that from environmental and outome perspetives, thebest situation, assuming that only partial ooperation will take plae, is when playersbehave �a la NE. Of ourse, when one adopts a ooperative game approah, theexpetation is that the grand oalition will indeed form.Proposition 16 The ore of the ooperative game �(N; vPNE; X) is a subset of theore of the ooperative game �(N; vPB; X):Proof. Let x = (x1; � � � ; xn) be an imputation in the ore of �(N; vPNE; X). Ittherefore satis�es nXi=1 xi = v(N): (30)Xi2S xi � vPNE(S); 8S � N: (31)By the above proposition we have vPNE(S) > vPB(S) and therefore Pi2S xi �vPB(S); 8S � N:This proposition shows that the ore of the ooperative game �(N; vPNE; X) issmaller than the ore of �(N; vPB; X). The impliation is that an IEA agreementwhih is in the ore of �(N; vPB; X) and not in the ore �(N; vPNE; X) may be



90ontested on the ground that the way that the payo�s are omputed is not the rightone. Atually, the smallest ore is not a singleton and some bargaining must still takeplae to pik up the IEA that will indeed be implemented. Given that both gamesare onvex, it is tempting to adopt the Shapley value as a solution to the ooperativegame. The merits of suh a solution inlude the fats of it being a singleton Pareto-optimal imputation, a fair one and for being at the enter of gravity of the ore whenthe game is onvex. Given this and the result of the last proposition, it is obviousthat the Shapley values of the ooperative games �(N; vPNE; X) and �(N; vPB; X)oinide. Reall that the Shapley value is given by�i (vx) = XS3i;S�N (s� 1)! (n� s)!n! (vx (S)� vx (Sn fig)) :To obtain these numbers, one needs of ourse to �x the number of players and omputethe marginal ontribution of player i to oalition S, that is vx (S)� vx (Sn fig). TheShapley value of a player is a weighted average of his marginal ontributions to alloalitions that he may join.4. Stability of oalitionsThe stable oalitions literature dealing with the design of an IEA for pollution ontrolhas shown that, irrespetive of the number of players and with or without monetarytransfers, only a very small number of ountries will atually sign suh an agreement.The reason is that a ountry an do better (higher payo�) by letting the others signsuh an agreement and ontinue itself to pollute at his (higher) nonooperative level.In this approah an IEA is seen as a voluntary agreement and a ountry will adhereto it if it is pro�table to do so. It is important here to stress that the number of



91players, i.e., the ountries part of the IEA, is endogenous.The ooperative game approah proeeds di�erently. Indeed, one the set ofplayers, their strategies and their payo�s are de�ned, the problem beomes one ofdesigning a mehanism to share the gain of ooperation between the players. A\nie" alloation an be found or not but the point is that this alloation is soughtfrom the perspetive of the grand oalition. The omputation of the harateristifuntion values of all other oalitions is neessary to assess what would be aeptableto a oalition given its strategi fore. In this methodologial framework, the set ofinvolved ountries is given.It is of interest as put forward by Tulkens (1998) to see if the two approahes anbe reoniled and if not to see whih harateristi funtion is more inlusive, i.e.,leads to a larger stable oalition.Realling that W xi (S) is the (maximized) payo� of player i 2 S and Y xj (S) is the(maximized) payo� of j 2 NnS, we have the following de�nition.De�nition 17 A oalition S � N is stable if it satis�es the following onditions(i) Y xi (Sn fig)�W xi (S) < 0; 8i 2 S (exit test). (32)(ii) W xj (S [ fjg)� Y xj (S) < 0; 8j 2 NnS (entry test): (33)Condition (i) states that there is no inentive to defet for all ountries belongingto oalition S. Condition (ii) states that there is no inentive to broaden the oalitionfor all ountries not in S.The omputation of the harateristi funtion values provides the outome ofoalitions and what remains to be done is to alloate this total outome among theplayers belonging to these oalitions. To simplify this task, we shall assume from



92now on that players are, as in Carraro and Sinisalo (1992), symmetri, that is bi = band di = d for all players. Under symmetry, all players get obviously an equal sharethat is W xi (S) = 1sW x (S) ; x = PNE;NE; PB.Proposition 18 If the outomes of oalitions are omputed under PNE mode ofplay and the players are symmetri, then no stable oalition exists.Proof. Under the symmetry assumption, (14) and (15) beomeW PNEi (S) = 12b2 � ndb+ d22 �s2 + 2 (n� s)� ;Y PNEj (S) = 12 �b2 � d2�� ndb+ �s2 + n� s� d2:To hek for exit test, ompute:Y PNEi (Sn fig)�W PNEi (S) = d22 (s� 1) (s� 3) ;whih is negative for s < 3:To hek for entry test, ompute:W PNEj (S [ fjg)� Y PNEj (S) = d2s2 (2� s)whih is negative for s > 2. Hene the result.Proposition 19 If the outomes of oalitions are omputed under NE mode of play,the players are symmetri and the number of players is at least 3, then the only stableoalition is formed of s players where n�12 < s < n+12Proof. Under the symmetry assumption, (20) and (21) beomeWNEi (S) = 12b2 +�ndb + 12 �s2 + 2 (n� s)2� d2;



93Y NEj (S) = 12b2 � ndb+ 12 �2s2 + (n� s)2� d2:To verify for exit test, ompute:Y NEi (Sn fig)�WNEi (S) = �12d2 (n� 3) (n+ 1� 2s) ;whih is negative for s < n+12 (assuming n > 2).To hek for external stability, omputeWNEj (S [ fjg)� Y NEj (S) = 12d2 (n� 3) (n� 2s� 1) ;whih is negative for s > n�12 (assuming n > 3), and hene the result.Proposition 20 If the outomes of oalitions are omputed under PB mode of playand the players are symmetri, then the only stable oalition is formed of 3 players.Proof. Under the symmetry assumption, (28) and (29) beomeW PBi (S) = 12 �b2 + s2d2�� ndb;Y PBj (S) = 12b2 � ndb+ s2d2:To verify for exit test, omputeY PBi (Sn fig)�W PBi (S) = �12d2 �4s� s2 � 2� ;whih is negative for s < 4:To verify for entry test, omputeW PBj (S [ fjg)� Y PBj (S) = 12d2 �2s+ 1� s2� ;whih is negative for s > 2. Hene the result.



94The above propositions show that when we use the outomes W PNEi (S) andW PBi (S), whih lead to a well de�ned harateristi funtion and a nonempty ore, astable oalition simply do not exist or is formed of 3 players. This result goes in thesame diretion as the �ndings in Carraro and Sinisalo (1992) and Barrett (1990)that an international agreement will be stable for a oalition of very small size. Whenwe use the outomes WNEi (S), the result is less pessimisti and half of the playersan be part of a stable oalition. The other half is also forming a oalition. Reallhowever that the adoption of Nash equilibrium to ompute the outomes did not leadto a ohesive ooperative game.5. ConlusionThe �rst onlusion that an be drawn from the results is that if the ooperative gamesare played �a la PNE or �a la PB; one has suitable harateristi funtions and it ispossible to selet, using e.g. Shapley value, the same unique imputation belongingto both ores. A ooperative game played �a la NE will lak the essential propertyof ohesiveness and therefore this approah does not arry a suÆient inentive forooperation between oalitions.The seond onlusion is that the two approahes, lassial ooperative games andstable oalitions, annot be reoniled in the sense that adopting one or the other doesnot lead to the same onlusion. We believe that these two approahes rest on sodi�erent premises that �nding a full onvergene does not seem to be feasible. Asmentioned before, the ooperative game approah assumes an exogenous set of playersto be part of an international agreement. The stable oalitions approahes sees thisset as endogenous. The impliation of this is that onepts suh as oalitions stability



95and free-riding are not used at all in the same manner by both approahes. In aooperative game, an imputation in the ore is stable in the sense that no oalitionan blok it. From this perspetive, and in partiular, a player will not be better o�by forming a oalition alone. Therefore, the ore is onsidered as a solution oneptthat deters free-riding. This is true if the player is \stuk" in the game. If he hasthe option of not playing it, he an do better by letting everybody else join a grandoalition and himself free-riding, i.e., polluting at the nonooperative level. Thisoption of leaving away (or not joining) is permitted in the stable oalitions approahwith the result that free-riding will our at a large sale.The results of this essay rest on speial funtional forms for revenue and ostfuntions. This simpli�ation is deliberate to fous on the main points raised in theessay. It is learly of interest to use a more general onvex damage funtion ost andto extend the analysis to a dynami setting.



96CONCLUDING REMARKSThe three essays of this dissertation fous on two important global environmentalissues. The �rst issue is tropial deforestation and how the use of onditional transfersfrom the North to the South an help redue the forest destrution. The seond isrelated to the problem of free-riding and oalition stability in the ontext of IEA.In the �rst essay we used a model representing an eonomi/eologial interationof forests to show that it is possible for the North to design a subsidy program in orderto help the South in managing the forest. The setting is of a di�erential game witha leader-follower information, played over a �nite horizon. The results indiate thatmaking the transfer funtion dependent on the deforestation rate diretly in additionto be dependent on the forest stok, has a lear impat on slowing deforestation.This result is onsistent with the �ndings in Van Soest and Lensink (2000). Onthe other hand, introduing a budget onstraint faed by the North for the �rsttime in this literature, we showed that in some ases (when the budget onstraintis binding) additional onditions may be needed to ensure an improvement of theforest onservation under the subsidy program. In the ase of a non e�etive budgetonstraint (when the budget in not binding), however, we also join the results ofprevious literature (see for example; Stahler (1996), Mohr (1996), Van soest andLensink (2000), Mart��n-Herr�an et al. (2002)) stating that funding forest preservationleads to its unambiguous improve. In addition, we found that the forestry ountries'welfare is not always better o� under the subsidy program ompared to the optimalontrol or laisser-faire senario. This means that some onditions have to be takeninto onsideration to guarantee the partiipation of the North and the South in thisprogram. This means that signing a North-South agreement to onserve the forest



97is not as trivial as stated in the previous literature, whih an explain the lak ofonretization of suh programs or agreements in real life.The seond essay's aim is to design an inentive mehanism to enfore sustainableforest management in the forestry ountries. For this purpose we used an exten-sion of the �rst essay's model, whih shows in more details the trade-o� between theagriulture and the forestry ativities and introdues a natural regeneration rate ofthe forests. The use of inentive mehanisms is ompletely new to the literature onsustainable forest management. The results show that the North an enourage theforestry ountries to partiipate in a program aiming at a better forest onservationwhile ompensating for the revenue loss. More preisely we showed that using trans-fers as inentive, the donor ommunity or the North an enfore sustainable forestexploitation in the South even if the latter is maximizing its welfare in the short-run.Some interesting ontinuation in this �eld will be to onsider e�orts to regeneratethe forest. This would require a model inorporating a lag struture to handleorretly the link between replanting trees and later prodution of the resoure. TheNorth ould also ontribute �nanially to suh a program, and a Prinipal-agentsetting would be of interest to study the e�et of unertainty on the partiipationonstraints of both the North and the South in suh a program. Further we anintrodue the ost of the budget spent by the North in its objetive funtion. Underthis hypothesis the North would look for an optimal trade-o� between the �nal forestsize and the budget spent for the subsidy program.Finally, the last essay represents a ontribution to the theoretial disussion aboutthe possibility of reoniliation between the ooperative and non-ooperative under-standing of oalition's stability using harateristi funtion. The �rst onlusion



98that ould be drawn from the results was that if the ooperative games are played �ala PNE or �a la PB, one has suitable harateristi funtions and it is possible to selet,using e.g. Shapley value, the same unique imputation belonging to both ores. Aooperative game played �a la NE will lak the essential property of ohesiveness andtherefore this approah does not arry a suÆient inentive for ooperation betweenoalitions.The seond and main onlusion was that the two approahes, lassial ooperativegames and non-ooperative games, annot be reoniled in the sense that adoptingone or the other does not lead to the same onlusion. We believe that these twoapproahes rest on so di�erent premises that �nding a full onvergene does notseem to be feasible. In fat, it is diÆult to deter free riding and there is no largeoalition that an emerge, if ountries play non-ooperatively. This result is againproved in reality if we onfront it with the unfolding events we have seen through thedevelopment of the Kyoto oalition.However, the results of this essay rest on speial funtional forms for revenue andost funtions. This simpli�ation is deliberate to fous on the main points raisedin this essay. It is learly of interest to use a more general onvex damage funtionost and to extend the analysis to a dynami setting.
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